University of New Mexico

UNM Digital Repository
Physics & Astronomy ETDs

Electronic Theses and Dissertations

Winter 2-20-2018

Studies of Light Generation with Four-Wave
Mixing in a Cold Atomic Ensemble
Andrew Ferdinand
University of New Mexico - Main Campus

Follow this and additional works at: https://digitalrepository.unm.edu/phyc_etds
Part of the Atomic, Molecular and Optical Physics Commons, Optics Commons, and the
Quantum Physics Commons
Recommended Citation
Ferdinand, Andrew. "Studies of Light Generation with Four-Wave Mixing in a Cold Atomic Ensemble." (2018).
https://digitalrepository.unm.edu/phyc_etds/177

This Dissertation is brought to you for free and open access by the Electronic Theses and Dissertations at UNM Digital Repository. It has been
accepted for inclusion in Physics & Astronomy ETDs by an authorized administrator of UNM Digital Repository. For more information, please contact
disc@unm.edu.

Andrew Richard Ferdinand
Candidate

Physics and Astronomy
Department
This dissertation is approved, and it is acceptable in quality and form for publication:

Approved by the Dissertation Committee:

Francisco Elohim Becerra-Chavez,

Chairperson

Ivan Deutsch
Arash Mafi
Poul Jessen

i

Studies of Light Generation with
Four-Wave Mixing in a Cold Atomic
Ensemble
by

Andrew Richard Ferdinand
B.S, Physics, minor Mathematics, California Polytechnic State
University, 2011
M.S., Physics, University of New Mexico, 2013

DISSERTATION
Submitted in Partial Fulfillment of the
Requirements for the Degree of

Doctorate of Philosophy
Physics
The University of New Mexico
Albuquerque, New Mexico
May, 2018

ii

©2018,

Andrew Richard Ferdinand

iii

Dedication

To my friends and family...

iv

Acknowledgments

I would like to thank my advisor Francisco Elohim Becerra Chavez for his insightful
and timely feedback editing this dissertation and many previous talks and presentations, and for his generous funding of my attendance of many conferences throughout
years.
I guess this is the appropriate time and place for me to get all sappy on you,
the reader, if one of you ever ventures here into these acknowledgments. I would
like to supremely thank my family for the walking this walk with me, giving me
endless support in my ambitions with graduate school and more largely in the trials,
tribulations, and celebrating in the elations of life.
To Satomi, my to great friend, partner, and family member. Let’s let the good
times roll!
RIP J. Stubbs

v

Studies of Light Generation with
Four-Wave Mixing in a Cold Atomic
Ensemble
by

Andrew Richard Ferdinand
B.S, Physics, minor Mathematics, California Polytechnic State
University, 2011
M.S., Physics, University of New Mexico, 2013
Ph.D., Physics, University of New Mexico, 2018

Abstract
Correlated light generated from atomic ensembles can have a central role in prominent quantum information protocols, such as long-distance quantum communication.
Here we present our studies on three topics involving the generation of correlated light
with four-wave mixing (FWM) in a cold atomic ensemble for applications in quantum
communications with high capacity. We experimentally investigate the generation
of light with seeded FWM in cold cesium atoms and the time correlations of photon
pairs generated with spontaneous FWM. We theoretically investigate the correlations
in orbital angular momentum of photon pairs generated with spontaneous FWM for a
range of experimental geometries. These studies represent foundational work toward
the control and measurement of high-dimensional entanglement in the orbital angular momentum degree of freedom photon pairs for use in high-dimensional quantum
communication.
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Chapter 1
Introduction

Quantum information takes advantage of quantum mechanics to advance technologies
beyond what is physically possible classically [1,2]. One primary realization of this is
quantum communication, in which quantum states are transferred between distant
parties [3]. One intriguing application of quantum communication is quantum key
distribution (QKD), which offers verifiable absolute security in the encryption of a
secret message [1, 2, 4–6].
While the promises of quantum communication are appealing, many practical and
technical challenges remain to be addressed. Photon loss and decoherence in photonic
communication channels limit the range of quantum communication that use direct
transmission of optical quantum states, caused by an exponential decrease in the
state fidelity with transmission distance [6–8]. The advent of quantum repeater protocols address this issue and enable scalable long-distance quantum communication
by using quantum memories and concatenated probabilistic entanglement swapping
across many quantum nodes [8]. A prominent architecture for realizing long-distance
quantum communication based on quantum repeaters employs atomic ensembles and
linear optics [6, 8]. Central to protocols using this architecture is the generation of

1
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photons from an atomic ensemble and the storage of light and entanglement with
atomic quantum memories.
Soon after the seminal proposal to use atomic ensembles and linear optics for
long-distance quantum communication, known as the DLCZ protocol [6], two groups
demonstrated the generation of quantum-correlated light from an atomic ensemble
in the manner envisioned in the protocol [9, 10]. Much progress has been made
in the ensuing years understanding and developing light-ensemble interfaces for the
generation of photon pairs, long-term and high fidelity storage of light in atomic
quantum memories, and robust quantum nodes [8, 11], including the considerable
milestone of developing a functional proof-of-principle quantum node by Chou et al.
in 2007 [12]. Various aspects of quantum communication protocols rooted in the
original DLCZ proposal remain a topic of interest and research for refinement as the
field strives to reach the point at which the technologies work well enough for real
world implementation.
Two main focuses of this continued research are the further development quantum memories and photon sources. Primary goals in quantum memory research
include maximizing the storage efficiency of the memory while increasing the storage time [13] and to increase the memory bandwidth [14]. One primary aim of the
research in photon sources is to generate pairs of high quality, controllable, entangled photons that can interface efficiently with a quantum memory [8]. Ideally the
photons are generated with high fidelity, high purity, and with high generation rates,
which will allow for larger rates of entanglement distribution in a particular quantum
communication protocol.
Extending the state space of a quantum communication protocol from the traditionally used two-dimensional space and qubits to a higher-dimensional space and
qudits can increase the information carried per photon as well as increase the robustness of the protocol [2, 15–21]. One such high dimensional state space that can
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be used is orbital angular momentum (OAM). The entanglement and correlations in
the OAM of photon pairs generated with spontaneous parametric down conversion
is well studied and remains and is an active area of research [20, 22–27]. In contrast,
OAM entanglement of photon pairs generated from atomic ensembles remains much
less explored. Previous works have successfully demonstrated the entanglement of
photonic OAM qudits generated from atomic ensemble in three [28] and up to 7 dimensions [29], and additionally there was a demonstration of the successfully storage
of the entanglement in a spatially separated atomic quantum memory [30]. While
these works are a promising start, there is much left to be explored in understanding,
generating, and controlling OAM entanglement of these photon pairs for potential
use in a high-dimensional analog to the DLCZ protocol.
The work presented in this dissertation investigates the generation of correlated
light from cold atomic ensembles as a step toward the realization of high-dimensional
quantum communication using the OAM of light. Our work starts with the experimental investigation of seeded four-wave mixing and the efficiency of the generation
of light. These studies allow for the optimization of the experimental setup. We next
investigate the time correlation of photon pairs generated with spontaneous FWM
in a cold atomic ensemble. This serves as a first step toward measuring the quantum correlations of the photon pairs, and the development of the apparatus aimed
to investigate high-dimensional OAM entanglement. Our studies continue with the
theoretical analysis of the spatial biphoton wavefunction of the photons produced
with spontaneous FWM in the far off-resonant regime. We analyze the OAM correlations of the photons as a function of experimentally accessible parameters, serving
to guide the optimization of an apparatus to generate photon pairs exhibiting highdimensional OAM entanglement. In total this work forms the foundation for future
studies of high-dimensional OAM entanglement of photon pairs from atomic ensembles. These photon pairs have the potential to be an integral part in long-distance
high-dimensional quantum communication using OAM.
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The dissertation is organized as follows:
Chapter 2 presents our experimental apparatus and our studies of the generation
of light from seeded FWM. The seeded FWM process in cold atomic ensembles is
presented in Sec. 2.1. Section 2.2 contains our designs and experimental realization
of an elongated cold atomic ensemble produced with a two-dimensional magneto
optical trap. We describe our apparatus for and results of seeded FWM in Sec. 2.3.
We conclude in Sec. 2.4.
Chapter 3 presents our work studying spontaneous FWM and the development
of the apparatus for future experiments. We begin in Sec. 3.1 providing background
of photon pair generation in spontaneous FWM. The experimental apparatus and
the observed time correlations of the photon pairs are presented in Sec. 3.2. Further
improvements to the system to reduce background for future experiments are detailed
in Sec. 3.3. We conclude in Sec. 3.4.
Chapter 4 describes the theoretical study of the OAM of the photon pairs generated in spontaneous FWM in a cold atomic ensemble. Section 4.2 presents the
calculation of the spatial biphoton wavefuction. Section 4.3 details how the OAM
correlations of the wavefunction are calculated, along with our studies on how the
correlations can be modified through experimental geometries. Section 4.4 presents
a discussion and analysis of the results. We conclude in Sec. 4.5.
Chapter 5 summarizes the work in this thesis and offers concluding remarks.
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Chapter 2
Seeded Four-Wave Mixing in a
Cold Atomic Ensemble

Correlated light generated from four-wave mixing (FWM) in atomic ensembles provides a promising route to the realization of different quantum technologies, such
as for long distance quantum communication [6, 8]. Photon pairs generated with
spontaneous FWM in cold atomic ensembles are appealing for long distance quantum communication due to their natural comparability with atomic quantum memories [31–33]. This chapter presents the apparatus developed and the techniques used
in our studies of the generation of light with seeded FWM, a closely related process
to spontaneous FWM, in a cold cloud of cesium atoms. Our studies allow us to
configure experimental parameters in seeded FWM to optimize our system for the
efficient generation of photon pairs in spontaneous FWM.
We begin this chapter with an overview of seeded FWM in atomic ensembles in
Sec. 2.1. In Sec. 2.2, we introduce magneto-optical trapping as the technique we
use to cool and trap the atoms for the atomic ensemble used in the seeded FWM
process, followed by our experimental realization and characterization of the atomic
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ensemble. Section 2.3 presents our experimental apparatus for studying the seeded
FWM along with our results studying the power of generated light for various sets
of experimental parameters. We conclude in Sec. 2.4.

2.1

Overview of Seeded FWM in Cold Atomic
Ensembles

We study the seeded four-wave mixing process in a counter-propagating, doublelambda configuration, Fig. 2.1. Two classical fields, called the pump and coupling
fields,counter propagate along the long axis of an elongated atomic ensemble, coupling the two atomic ground states |gi and |si to an excited state |ei. The pump
field off-resonantly couples |gi to |ei while coupling field is resonant with the atomic
|si → |ei transition. A third classical field, the seed field, propagates through the
atomic ensemble at a small angle with respect to the pump and coupling fields. The
seed light offresonantly couples the excited state |ei back down to the ground state
|si. When the frequencies of the pump, coupling and seed fields are in a three photon resonance from |gi → |ei → |si → |ei, atomic coherence between |gi and |ei
is built. Oscillations in the atomic polarization radiate a fourth field, the conjugate
field, in the direction satisfying phase matching and a frequency enforcing energy
conservation between the four fields [34],
~kpump + ~kcoupling − ~kseed − ~kconjugate = 0

(2.1)

ωpump + ωcoupling − ωseed − ωconjugate = 0

(2.2)

where ~kj and ωj are the wavevector and the frequency of field j, respectively.
The frequency of the conjugate light generated in FWM process is resonant with
the |gi → |ei atomic transition. The FWM process can be aided by EIT with the
coupling field in the FWM process acting as the coupling field in the EIT process,
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opening a transmission window for the conjugate light to propagate through the
atomic ensemble [35]. Previous work [32,36,37] has shown that the spectral properties
of light generated in this manner can be coherently tailored via EIT and the linear
atomic susceptibility.

z
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kconjugate
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|g⟩
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kcoupling
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Coupling Seed
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Figure 2.1: Schematic of the seeded FWM process in a double-lambda configuration.
(a) Energy level diagram with the classical strong pump, coupling, and seed driving
fields coupling the ground states to the excited state. Conjugate light is generated
in the direction satisfying phase matching. (b) Diagram of the process with counter
propagating pump and coupling beams along the long axis of the atomic ensemble.
The seed field propagates through the ensemble with a small angle with respect to
pump and coupling fields. Conjugate light is emitted in the phase matched direction,
Eq. (2.1)

The atomic ensemble used in our experiments is generated with a two-dimensional
(2D) magneto-optical trap (MOT) of cesium-133, as will be expanded upon in
Sec. 2.2. After the cooling and loading portion of the experiment in which the
atoms are cooled and trapped in the MOT, the MOT beams are turned off. The
cold atoms are prepared in an electronic ground state, and can be further prepared
into specific internal states with additional lasers, microwave, and radio frequency
fields. After state preparation, the pump, seed, and coupling laser fields are turned
on for the four-wave mixing portion of the experiment.
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2.2
2.2.1

Atomic Ensemble
Magneto-optical trapping

The invention of the magneto-optical atom trap (MOT) [38–40] revolutionized the
study of atom physics, affording researchers a technique to cool and trap large number
of alkali atoms to ultacold temperatures with table top experiments. MOTs have
become a workhorse of modern cold atom physics experiments. We employ these
techniques of cooling at trapping atoms to prepare the cold atomic ensemble used
as the nonlinear medium in the FWM process. Moveover, these atomic ensembles
can also be used as atomic quantum memories for quantum repeaters, playing an
integral role in long-distance quantum communication [6, 7, 11].
Two physical processes dominate the cooling and trapping of atoms in a MOT.
The primary cooling mechanism is velocity-dependent scattering of the MOT light,
resulting in Doppler cooling. Three pairs of circularly polarized counter-propagating
laser beams intersect in one region of a vacuum chamber containing a dilute background vapor of cesium, Fig. 2.2. The light in the beams is red detuned from the
atomic resonance. An atom moving toward a beam, label with frequency ωM OT in
Fig. 2.3 (a), will see the light blue shifted in frequency relative to the lab reference
frame. If the atom has the correct velocity of ~v ≈ − |∆
~k| k̂, where ∆ is the detuning of
the light from the atomic resonance ~k is the wave vector of the light, and k̂ = ~k/|k|,
the Doppler-shifted light will be shifted into resonance with the atom, causing the
atom to scatter light from the beam, as depected in Fig. 2.3 (b). The process of
absorption and emission of photons by the atom will tend to give a small momentum
kick to the atom in the direction the beam is propagating, opposite to the direction
the atom is moving, resulting in a smaller velocity and therefore lower temperature.
With the three pairs of counter-propagating lasr beams all red detuned from the
atomic transition, the atom will reduce its velociy and be cooled regardless of the
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Figure 2.2: Diagram of a magneto-optical trap. Three pairs of counter-propagating
beams intersect at the center of a quadrupole field created by two coils in an antiHelmholtz configuration.

direction it is initially moving. This technique is referred to as optical molasses [41].
Additional cooling of the atoms is achieved by polarization-gradient cooling due to
the polarization standing waves set up from the superposition of the MOT lasers [42].
While the optical molassas cools the atoms and creates a small increase in atomic
density [43] in the vacuum chamber where the beams intersect, the trapping mechanism in a MOT makes use of the coupling of the magnetic moment of the atoms
to an applied quadrupole magnetic field. This quadrupole field is created by driving
a current through a pair of coils configured such that the magnetic dipoles of the
coils are oriented in opposite directions, the anti-Helmholtz configuration [44], see
Fig. 2.2. Directly between the two coils at the center of the quadrupole field, the
magnetic field from the coils cancel. The magnetic field grows linearly in strength
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Figure 2.3: (a) Energy level diagram of the D2 line in cesium with the two laser
frequencies needed for laser cooling and trapping of atoms in a MOT. (b) Atoms
are cooled via Doppler cooling. Lasers propagating toward an atom can be Doppler
shifted into resonance causing the atom to scatter photons from the laser, resulting in
small momentum kicks in the laser propagating direction, slowing down and cooling
the atom. (c) Simplified diagram of the atom trapping mechanism of a MOT. The
position dependent quadrupole magnetic field causes a position dependent Zeeman
splitting of the atomic states. Atoms scatter properly polarized and detuned laser
fields when the atoms deviate from the center of the trap.

from the center of the quadrupole field in both the radial and longitudinal directions
(in the xy plane and in ~z direction, respectively, as shown in Fig. 2.2). The magnetic
field results in a spatially dependent Zeeman splitting of the magnetic sublevels of
the states, as depicted in Fig. 2.3 (c). The trapping mechanism of a MOT uses the
scattering of the circularly polarized light MOT with the spatially dependent Zeeman splitting to effectively create radiation pressure directed toward the center of
the quadrupole field. This radiation pressure can be modeled as a damped harmonic
potential, creating the atomic trap.
The process of trapping of atoms in this method can be most easily understood
in more detail by considering an atom with hyperfine ground state spin |F = 0i and
excited state spin |F 0 = 1i in a linear gradient magnetic field, see Fig. 2.3 (c). Here
and throughout this dissertation, the quantum number F refers to the total angular
momentum of the atom, F = I + J where I is the nuclear angular momentum
quantum number and J is the total angular momentum of the valence electron [45].
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The prime on the F 0 indicates an excited state. The counter-propagating MOT
beams are circularly polarized with opposite handedness, selectively coupling the
ground state of the atom to different magnetic sublevels of the excited state. The
orientation of the magnetic field, polarization and detuning of the light are configured
such that the atoms preferentially scatter light from the beam propagating toward the
center of the trap through selection rules [45]. The scattering from the beam imparts
momentum to the atom, pushing it toward the center of the trap. Although the
cooling and trapping of cesium uses the |6S1/2 , F = 4i → |6P3/2 , F 0 = 5i transition,
as opposed to the simplified example |F = 0i → |F 0 = 1i transition in Fig. 2.3 (c),
the physics of the trapping procedure holds.
Cooling and trapping of the atoms on the |6S1/2 , F = 4, mF ± 4i → |6P3/2 , F 0 =
5, mF ± 5i transition largely prevents scattering out of this subspace. Selection rules
forbid the dipole emission decay of the atoms from the |6P3/2 , F 0 = 5i to the other
ground state of the atoms, |6S1/2 , F = 3i. While this transition is forbidden, the
MOT light can also scatter off of the far detuned |6P3/2 , F 0 = 4i state, as in Fig. 2.3
(a). The atom has some probability of decaying into state |6S1/2 , F = 3i. A MOT
requires an additional field coupling |6S1/2 , F = 3i → |6P3/2 , F 0 = 4i called the
repumper. Atoms that fall into |6S1/2 , F = 3i will absorb repumper photons and
probabilistically decay out of |6P3/2 , F 0 = 4i back into |6S1/2 , F = 4i where they will
resume cooling.

2.2.2

Two-dimensional magneto-optical traps

The optical depth (OD) of an atomic ensemble is a determining factor in the effectiveness and efficiency of many quantum information protocols using atomic ensembles [11]. For example, the generation rate of entangled photon pairs from spontaneous FWM in an atomic ensemble is proportional to the OD2 [35, 37, 46]. The
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efficiency of an atomic quantum memory to store and retrieve a quantum state is
also highly dependent on the OD of the atomic ensemble [8, 11, 47–50]. We use a
modified configuration of a traditional MOT to increase the optical depth of the
ensemble. Instead of using the traditional pair of round coils to create a quadrupole
field, as depicted in Fig. 2.2, elongated rectangular coils were designed (see Fig. 2.4),
constructed, and integrated into the apparatus. The effect of the elongated coils is
to reduced the magnetic field gradient, and therefore atom confinement, along the
longitudinal direction of the coils. The reduced confinement along this direction increases the trapping region of the system, allowing for more atoms to be trapped
and therefore an increased optical depth [51–53]. This configuration is referred to as
a two-dimensional MOT (2D-MOT). The magnetic field can be calculated simply as
the superposition of the fields of each linear segment of wire corresponding to each
side of the rectangular coil.
There are many considerations influencing the design and desired performance
of the coils for the 2D-MOT. The number of atoms trapped and density of the
atom cloud is heavily dependent on the gradient of the magnetic field. One rule
of thumb is to make a quadrupole magnetic field with a gradient of approximately
10 gauss/cm at the center. Numerous factors influence the design of coils to achieve
this gradient. Larger coils create a smaller magnetic field (for each turn of wire) near
the center of the trapping region due to the increased distance to the center. Coils
with larger numbers of turns N allow for a reduced current to achieve a desired field
gradient. Additional consideration is given to the energy consumption of the coils as
the electrical power consumed by the coils is converted to heat. Excessive heating of
the coils would require external cooling mechanisms. The resistance of the coils R
is proportional to the number of turns, R ∝ N , while the current needed to create
a given magnetic field (and magnetic field gradient) is inversely proportional to N,
I ∝ 1/N . The power dissipated for the desired field P = I 2 × R ∝ 1/N is therefore
reduced with increased number of turns. The inductance of coils is proportional
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to N , and determines the switching time of the quadrupole field. Fast switching
times can allow for higher experimental repetition rates or improve the duty cycle
for quantum information protocols which require non-quadrupolar fields by reducing
the time spent preparing the required magnetic field for the protocol.

Figure 2.4: (a) Design of the coil forms used for the 2D-MOT. Each coil form needs
to be split into two pieces to accommodate the 3D printer used to manufacture them.
(b) Model of a pair of coils forms in the configuration used to make a 2D-MOT.

Figure 2.4 shows the design of the coil forms used for the elongated coils. The coil
forms hold N = 140 turns of wire, with a total length of L = 24.6 cm, total width of
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Figure 2.5: Magnetic field generated by a pair of rectangular coils, each in the xy
plane with dimensions Lx = 7.8 cm, Ly = 23.3 cm and separation 7.8 cm.

W = 9.0 cm and maximum clear aperture of 5.5 cm in the width direction. The coil
forms are required to be split into two pieces for each coil to ensure compatibility
with the available 3D printer, Fig. 2.4 (a). Figure 2.4 (b) shows an envisionment of a
pair of coil mounts positioned to create the needed magnetic field for the 2D-MOT.
Figure 2.5 is the magnetic field generated with the coils are place in the xy plane a
distance 7.8 cm apart. In our calculation, the coils are defined to be in the XY plane
with a length of Lx = 7.8 cm in the x direction and Ly = 23.3 cm in the y direction,
which are the distances between the midpoints in the wire holding groves of the coil
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in an Ioffe configuration. These gradients are sufficient for creating a 2D-MOT.

2.2.3

MOT Realization, Characterization, and Outlook

Figure 2.6 (a) shows two pairs of elongated MOT coils around the vacuum chamber
cell where the atomic ensemble is trapped. Figure 2.6 (b) shows an example photo
of the generated atomic ensemble. The MOT and repumper beams, Fig. 2.3 (a), are
orthogonally polarized in the same spatial mode with 1/e2 waists of ∼ 8 mm and
typical powers of PM OT = 38 − 48 mW per beam and total typical repumper power
Prepumper = 16 mW. The detuning of the MOT light frequency ∆M OT = 10 − 15
MHz. The background vapor pressure in the vacuum chamber is 4 · 10−10 Torr.
The aspect ratio of the atom cloud can be seen to be approximate 10:1 with a
length of approximately 20 mm and diameter 2 mm. The length of the ensemble
in the longitudinal direction highlights the benefit of the 2D-MOT with the large
number of atoms along the length of the trap, increasing the OD of the ensemble.
The“wiggles” visible in the atomic density may be due to standing waves in the
cooling and trapping light caused by the retro-reflecting configuration or fringing in
the cell windows. These features in the density distribution of the atoms are static
in time and can be manipulated with the alignment of the retro-reflected beams.
We characterize the optical depth (OD) of the atomic ensemble using
electromagnetically induced transparency (EIT) [32,52,53]. EIT is a coherent process
in which the presence of a strong electromagnetic field (the coupling field) influences
the transmission properties of a medium as seen by a different weak field (the probe
field), Fig. 2.7 (a). In the EIT process used for measuring the OD of an atomic
ensemble, the weak probe field couples a highly populated ground state |gi to an
excited state |ei, which under normal conditions would cause the atoms to absorb
the probe. The strong coupling field couples the unpopulated ground state |si to the
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Figure 2.6: Experimental realization of an atomic ensemble generated with a twodimensional magneto-optical atom trap (2D-MOT). (a) View of experimental apparatus showing the rectangular MOT coils used to generate the quadrupole-like
field used to trap atoms. (b) Image of atom florescence from the 2D-MOT. The
atomic ensemble generated with the 2D-MOT will be used for the four-wave-mixing
experiments.

excited state |ei, modifying the absorption and dispersion properties of the atomic
ensemble and opening a transparency window in the atomic resonance [35]. The
frequency of the probe light is scanned through the resonance to trace out the EIT
absorption feature.

Each experimental cycle consists of a trap loading phase and EIT phase with a
repetition rate of 11.72 kHz. While the atoms are cooling and being loaded into the
trap, the fields involved in the EIT process are turned off. The probe field frequency
is slowly scanned over the EIT resonance as the probe field is measured with a
photodetector. The signal from the photodetector is sent through a fcutof f = 1 kHz
low pass filter and recorded as a function of probe frequency with an oscilloscope,
which is then fit to extract the OD of the ensemble. The transmission spectrum of
the probe is described by Eq. (2.3) [52]. This technique gives an OD of approximately
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Figure 2.7: (a) EIT energy level diagram. A weak probe field couples the populated
ground state |gi to the excited state |ei while the strong coupling field couples the
ground state |si to the same excited state |ei, rendering the normally opaque transition transparent to the probe field. (b) EIT schematic. The pump and probe fields
copropagate along the atomic ensemble before being split with a polarizing beam
splitter. The transmission of the probe field is monitored with a photodetector.

3, which is much lower than expected, as discussed below.
T = I e−OD Im(χ̃) + BG
χ̃ =

[|Ωc

|2

(2.3)

4(∆p + iγgs ) γge
− 4(∆p + iγgs )(∆p + iγeg )]

(2.4)

Here γge and γes are atomic-lifetime-deterimined electric dipole relaxation rates and
γgs is the dephasing rate between the atomic ground states [52], all of which include a
correction factor related to the linewidth of the lasers [54]. ∆p is the detuning of the
probe field from the center of the atomic transition, and BG and I are the measured
background and a scaling factor, respectively. These equations take ωprobe /k0 = c,
where k0 = ωge /c is the wavevector of the probe field on resonance in vacuum and
c is the speed of light. χ̃ is proportional to the to linear susceptibility. The optical
depth OD and the coupling field Rabi frequency Ωc are the free parameters of the
fit, with all other variables found or calculated independently. Figure 2.8 shows the
transmission of the probe and the fit, with γge = 4.125 MHz and γgs = 2.0 MHz
calculated using the atomic natural linewidth Γeg = Γ43 = 2π × 5.23 MHz and laser
linewidths Γprobe = 3 MHz and Γcoupling = 500 kHz. Asymmetry of the transmission
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window in the atomic resonance is partly due to a small detuning of the coupling field,
modeled here as ∆coupling = 8/(2π) MHz. We scan slowly over three hyperfine excited
state resonances (|F 0 = 3i, |F 0 = 4i, and |F 0 = 5i from Fig. 2.3 (a)), including the

Probe Transmission (a.u.)

transition used for EIT, allowing for a calibration of scan time to probe frequency.
Probe Transmission
Fit

-20
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Figure 2.8: Transmission and fit of probe over the atomic resonance with EIT.

The analysis done here does not consider coupling efficiencies between the magnetic sublevels of the atomic states with the polarization of the probe and coupling
fields in the inhomogenoues quantization axis, which inevitably affects the reported
value of the OD. Performing the experiment in a homogeneous magnetic field defining a quantization axis, preparing the atoms into a specific internal state, and using
particular polarizations of the probe and coupling efficiencies should significantly
increase the measured OD [49]. The probe and coupling fields additionally are collimated with waists approximately matched to the 2.5 mm diameter of the atomic
ensemble, resulting in an OD measurement averaged over the shape of the atomic en-
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semble and the intensities of probe and coupling fields. This is in contrast to the peak
OD’s measured in other experiments where the fields are focused with small waist at
the center of the ensembles [32, 52, 53]. Further modification of our experiment can
provide a better determination of the OD in the atomic ensemble. A more controlled
and precise scan of the probe frequency can be achieved by locking it’s central frequency and scanning over the atomic resonance with an acousto-optical modulator
(AOM). The transmission of the sufficiently weak probe light can be measured with
a single photon detector [35, 52], bypassing the need to use the low pass filter in the
probe transmission, and therefore eliminating the blurring of the absorption feature
resulting from the scanning of the frequency of the probe light. These improvements
will increase the accuracy of the OD measurement.

2.3

Seeded Four-Wave Mixing

Seeded four-wave mixing in the double-lambda configuration used in our experiments
consists of three classical fields propagating along the long axis of the atomic ensemble. The fields are referred to as the pump field, coupling field, and seed field, as
shown in Fig. 2.1, and couple the hyperfine ground states of the cesium atoms to
the excited states, as discussed in Sec. 2.1. The pump and coupling beam counterpropagate along the long axis of the ensemble, while the seed field propagates nearly
in the same direction as the pump field but with a small angle of approximately
3◦ with respect to the longitudinal axis of the atomic ensemble. All of the experiments performed here drive the seeded FWM process between three atomic states
|gi = |6S1/2 , F = 4i, |si = |6S1/2 , F = 3i, and |ei = |F 0 = 4i, unless otherwise
noted.
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Figure 2.9: Energy level diagram with the fields for FWM in a three level system
with the physical atomic states used.

2.3.1

Experimental Apparatus and Results

A diagram depicting all the of the lasers and simplified beam paths of our apparatus is
given in Fig. 2.10. The three pairs counter-propagating MOT and repumper fields all
intersect in the vacuum chamber at the center of the elongated anti-Helmholtz coils,
and are shown to be retro-reflecting as is done in our experiment. The pump and
coupling fields counter propagate along the long axis of the atomic ensemble, with the
seed field incident at small angle. We choose the energy levels for the FWM process
such that pump and coupling fields are of similar frequency to the MOT light and the
MOT repumper light Fig. 2.3 (a), respectively. This allows the one laser (TOPTICA
TA100) locked to the |F = 4i → |F 0 = 4/5i crossover transition to generate MOT
light and the pump light, with the frequencies tuned to the specific frequency needed
with acousto-optical modulators. Similarly, the repumper and FWM coupling light
are generated from the same laser (MOGLabs Cateye CEL002) and are the same
frequency when performing FWM in three atomic states in this configuration. The
seed field is generated from a separate free-running external cavity diode laser (New
Focus VORTEX 6000) continuously scanning over the FWM resonance.
We investigate the FWM experiments in a pulsed experimental cycle, with the
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Figure 2.10: Schematic of the experimental apparatus for trapping an atomic ensemble with a MOT and performing seeded FWM. The pump and MOT light are
generated from the same laser. Likewise the repumper and coupling light are generated with the same laser. All the fields are switched on and off with AOM’s. PBSpolarizing beam splitter, SMF- single mode fiber.

cooling and trapping of atoms in the MOT comprising the majority of the experimental time and the FWM pulsed for the remainder of the experimental cycle tF W M ,
see Fig. 2.11. Our experiments use a fr = 11.72 kHz repetition rate, corresponding to
a experimental cycle time of T = 85 µs, with the FWM portion of the cycle ranging
from tF W M = 7 − 10 µs. The high optical depth required for the efficient generation
of light necessitates the low experimental duty cycle.
The pump, coupling, and beams are launched approximately 1.5 m away from
the atomic ensemble and aligned to the ensemble. The large distance between the
ensemble and beam launchers allows for considerable separation of the seed and
conjugate modes from the pump and coupling fields, enabling an easy pick off of the
generated conjugate light. Polarized beam splitting cubes (PBS’s) and waveplates
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Figure 2.11: Experimental timing. The MOT cools and traps atoms for the majority
of the experimental cycle and is turned off for the FWM portion of the experiment.
The seed frequency is slowly continuously scanned over the FWM resonance where
the conjugate light is generated.

are used to define the polarization of the fields. All of the fields in the experiment
are switched using AOMs, as shown in Fig. 2.10. The timing of the experimental
sequence is controlled with a field programmable gate array (FPGA) or a digital
delay generator.
The measurements of the conjugate light generated in the process are done with
either an amplified photodetector or power meter, depending on the particular experiment being performed, as shown in Fig. 2.12 (a) and (b) respectively. When
the seed light frequency becomes resonant with the FWM resonance as it is slowly
scanned near the |gi → |ei transition, there is a large spike in the power of conjugate light generated in the phase matched mode with respect to the three other
fields, Eq. (2.1). Figure 2.13 shows the large spike in conjugate light detected with a
photodetector during the FWM period of the experimental cycle when the seed light
frequency is on the FWM resonance. This experiment was performed with a slower
experimental timing configuration with tF W M = 1 ms
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Figure 2.12: Schematic of the seeded FWM apparatus. The conjugate light generated
in the seeded FWM process is detected in one of two ways, (a) with a photodetector
integrated with a low pass filter and recorded with an oscilloscope or (b) with a
power meter after it is collected with a single mode fiber.

The spectrum of the generated conjugate light can be measured with respect to
the seed frequency in real time. The FWM driving fields (the pump, coupling, and
seed fields) are pulsed on at a rate of 11.72 kHz while the seed laser is slowly scanned
over the FWM resonance. The spectrum is obtained by integrating the photodetector
signal with a low pass filter. The output of the low pass filter is monitored or recorded
with an oscilloscope, Fig. 2.12 (a). Figure 2.14 shows the power of conjugate light
as a function of the detuning of the seed light for several seed powers measured.
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Figure 2.13: Photodetector signal in a FWM cycle in which the seed light in on
resonance with the process. The blue curve is the signal from the photodetector and
the green curve is an pulse identifying the FWM period of the experimental cycle.
A large spike of power in the phase matched mode is recorded with photodetector.

The time-frequency conversion needed to translate the oscilloscope time to a laser
frequency is not precisely know for these plots, but we can estimate it and we infer
the width of the FWM resonances to be v 5 MHz. While the low pass filter does
integrate out some of the artifacts of the pulsed experimental cycle in order to identify
the overall structure of the FWM peak, these plots have additional post processed
smoothing for ease of comparison. The small ripples in the signal are remnants of
the pulsing that did not get filtered or smoothed out.
The efficiency of light generation in the seeded FWM process significantly depends
on the polarization of the driving fields, as determined by the coupling strengths of
polarized light to the magnetic sublevels of the atomic states. We study the effi-
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Pseed = 109 µW
Pseed = 52 µW
Pseed = 8 µW
~5 MHz

Seed Detuning
Figure 2.14: Conjugate power vs seed frequency for several seed powers. For all these
data sets the pump power was Ppump = 17.5 µW, with a detuning of ∆pump = 10 MHz
and coupling power Pcoupling = 135 µW. All the beams have waists of w = 1.1 mm.

ciency’s dependence on polarization by using the maximum height of the conjugate
signal in experiments like Fig. 2.14 as the measure of the efficiency of the process.
Table 2.1 shows the relative height of the conjugate signal from the oscilloscope for
four combinations of the linear polarization of the fields. We observe that the combination of field polarizations |V ipump , |Hicoupling , |Hiseed and |Hiconjugate , results in
the maximum efficiency of the process. As expected, no conjugate light is generated
when spin angular momentum, which is related to the polarization of the fields, is
not conserved. This study allows us to identify the polarization of the fields that will
result in the efficient generation of photon pairs in the spontaneous FWM regime.
In using a seeded FWM process to study and optimize the system for the efficient
generation of entangled photon pairs in spontaneous FWM, it is an imperative to
work in the linear regime, where the power of the generated conjugate light is linearly
dependent on the power of the seed field. In Fig. 2.14, the maximum signal for the
lowest seed power Pseed = 8 µW (black line) is approximately 0.638 V. However,
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Pump

Coupling

Seed

Conjugate

Vpeak

V
V
V
V

H
V
V
V

H
V
H
V

V
V
H
H

Vmax
0.29 Vmax
0.08 Vmax
0

Table 2.1: Polarization dependence of FWM efficiency as measured by the peak
photodetector signal.

when the seed power is increased by a factor of 6.5 to Pseed = 52 µW (blue line), the
maximum conjugate signal 2.29 V, an increase by a factor of 3.6, which indicates that
the FWM is not linear with respect to the seed at Pseed = 52 µW. We investigated
the total conjugate power collected in a single mode defined by a SMF with a power
meter, as depicted in Fig 2.12 (b), as a function of seed power and other experimental
parameters. Due to the slow response time of the power meter, these measurements
are an indication of the average conjugate power over the full range of seed light
frequencies scanned, and can be used to infer relative efficiencies of the process.
Figure 2.15 shows the conjugate powers as a function of seed powers with pump
detuning ∆p = 10 MHz, coupling power of Pcoupling = 130 µW, and pump powers
Ppump = 5 µW in red, Ppump = 15 µW in blue, and Ppump = 40 µW in green. We
observe a linear relationship between the conjugate power and seed power for seed
powers below 50 µW for all pump powers, which is consistent with the measurements
of the peak generation efficiency in Fig. 2.14. The modes defined by the SMF’s are
the phase matched modes that entangled pairs of photons will be emitted into during
spontaneous FWM, allowing us to optimize our system for the efficient generation
of photon pairs in spontaneous FWM.
We further explore the generated conjugate field in the regime of low seed powers
for different detunings and powers of the fields in the FWM process. Figure 2.16
(a) shows the power of the conjugate light into the SMF with Ppump = 15 µW as
a function of coupling power. Figure 2.16 (b) shows the conjugate power for seed
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Figure 2.15: Power of the conjugate field as a function of power of the seed field for
three powers of the pump field. Using seeded FWM to characterize and optimize
the experiment for the efficient generation of photon pairs with spontaneous FWM
requires worked in the linear regime, where the power of the generated conjugate
light is linearly dependent on the powers of the other fields. This plot shows this
regime to be with seed powers below 50 µW and pump powers below 15 µW.

powers between 2 µW and 30 µW for different pump detunings ∆p = 10 MHz, ∆p =
25 MHz, and ∆p = 45 MHz and coupling power Pcoupling = 130 µW.
We observe an unexpected crossing of trends of Ppump = 15 µW and Ppump =
40 µW in Fig. 2.16 (b). We think that this artifact may be due to a drift in the
position of the atomic ensemble. The kink appearing in Fig. 2.16 (a) between 80 µW
and 100 µW may be a technical issue in the offset of the power meter for two different
power ranges.
As previously described, all of the above experiments are performed with three
atomic levels, the two ground state |gi = |6S1/2 , F = 4i and |si = |6S1/2 , F = 3i,
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Figure 2.16: Conjugate power in the linear regime. (a) Conjugate power as a function
of coupling power for Ppump = 15 µW, Pseed = 10 µW, and ∆p = 10 MHz. (b)
Conjugate power as a function of seed power for three detunings and pump powers.

and the excited state |ei = |6P3/2 , F 0 = 4i. In contrast, driving a FWM process
in four level atomic system allows results in larger frequency differences between
the four fields involved in the process. This is beneficial when filtering the paired
photons generated in spontaneous FWM, explored in Ch. 3, Sec. 3.3.2. We examine
the efficiency of seeded FWM using the four level atomic states |gi = |6S1/2 , F = 4i,
|si = |6S1/2 , F = 3i, |e1 i = |6P3/2 , F 0 = 4i, and |e2 i = |6P3/2 , F 0 = 3i, as shown in
Fig. 2.17. Here the coupling field couples the ground state |si to excited state |e2 i
as opposed to |e1 i, as was the case in three level atomic systems. The laser system
used allows for a straightforward switching between these three and four level FWM
schemes by switching between the ±1 diffraction orders out of the coupling light
AOM, Fig. 2.10.
Figure 2.18 shows the conjugate light photodetector peaks on an oscilloscope
using three (a) and four (b) atomic states with the experimental config depicted in
Fig. 2.12 (a). These two measurements are performed with the same alignment and
experimental conditions. The three level seeded FWM process is found to be much
more efficient, with the peak signal of the conjugate light reaching approximately
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|e₁⟩ = |6P#⁄%, F’ = 4⟩
|e₂⟩ = |6P#⁄%, F’ = 3⟩
p conj c seed
|g⟩ = |6S½, F = 4⟩

Pump Conjugate
Coupling Seed

|s⟩ = |6S½, F = 3⟩

Figure 2.17: Energy level diagram with the fields for FWM in a four level system.

20 times the that when using four atomic states. The difference in efficiency of
the FWM process may be due to differences in the coupling strengths of the fields
between the atomic states [45], given by the Clebsh-Gordon coefficients and due to
inhomogeneous atomic populations of magnetic sublevels in the quadrupole magnetic
field.

Figure 2.18: Measurement of the generated conjugate light in four wave mixing (a)
three and (b) four atomic states. The yellow trace is conjugate light detected by an
amplified photodetector, and the green trace is seed frequency.
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2.4

Conclusion

In this chapter we introduce our experimental realization and results studying seeded
FWM. An overview of magneto-optical trapping is presented with our designs of a
2D-MOT and characterization of the trapped atomic ensemble. Efficiencies of the
seeded FWM process are studied over various experimental parameters and using
both three and four atomic states. The linear regime is identified, allowing us to
optimize the system for the efficient generation of photon pairs in a spontaneous
FWM process.
The seeded FWM process allows an optimization of our system using relatively
strong signals as composed to a spontaneous FWM process. The conjugate light
generated in the seeded FWM process is emitted into the mode satisfying phase
matching with the four fields involved in the process. The photon pairs generated
in a spontaneous FWM process will be emitted into these modes satisfying phase
matching with the pump and coupling fields. The large powers of the seed and
conjugate light will allow for real-time alignment and optimization of the system for
the efficient generation of photon pairs generated in spontaneous FWM.
While this technique turns out to be practical in many aspects, it has numerous
limitations. Performing the efficiency measurements of the conjugate light with the
seed light slowly scanning over the FWM resonance while detecting the conjugate
light with the power meter or integrated photodector limits the results to only be of
relative efficiencies and not of absolute efficiencies of the process. This integration of
the photodetector signal can also lead to smearing of fine features in the frequency
correlation of the seed light and conjugate light observed in the oscilloscope traces
such as Fig. 2.14.
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Spontaneous Four-Wave Mixing

Spontanous four-wave mixing (FWM) in atomic systems has garnered interest for use
in quantum technologies for decades. Seminal and prominent proposals for scalable
long distance quantum communication [6] and quantum networks [55, 56] employ
photons generated from atomic ensembles as information carriers and are a critical
element of entanglement distribution. These photon pairs are inherently compatible
with atomic quantum memories in wavelength and bandwidth. In particular the
photon pairs generated from spontaneous FWM in cold atomic ensembles are ultranarrowband and therefore have long coherence times [32, 35, 37]. The same type of
atomic ensemble used as the nonlinear medium in the FWM process can be used as
the atomic quantum memory necessary for the scalability of long distance quantum
communication and entanglement distribution in quantum networks [6,11,49,55,56].
Spontaneous FWM, quantum interfaces, and quantum memories for quantum repeaters remain an active area of research in pursuit of realizable quantum communication systems [8, 11–14, 30, 49, 50, 55–67].
The photon pairs emitted in this process natually exhibit time-frequency entanglement [33, 37]. The photon pairs are often referred to as a biphoton, alluding to
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the inseparability of the photons’ wavefunction. The temporal wavefunction of the
biphoton can be manipulated and engineered via EIT [32,36], using the temporal and
spatial profiles of the fields driving the process [68, 69], and through modulations of
one photon of the pair [68,70,71]. Through these techniques, the temporal and spectral propeties of the biphotons can be matched for independent sources [72], tailored
for a particular quantum memory protocol [73–76], or for engineering and synthesizing a particular desired quantum state [71,77–79]. The time-energy degree of freedom
may also present an opportunity for hyperentanglement and a high-dimensional space
in which information can be encoded.
While the temporal correlations of the biphoton are important in their own right,
their study also represents the first step in developing high-dimensional quantum
nodes employing the orbital angular momentum of light. The knowledge and control
of the temporal profile of the biphoton will allow photons emitted in the spontaneous FWM process to be efficiently stored in a separate atomic ensemble acting
as a quantum memory, and therefore is an imperative for developing quantum light
matter interfaces and quantum memories. With the knowledge of the temporal properties of the photons, the detection apparatus can be tuned to examine the orbital
angular momentum (OAM) entanglement of the photos while rejecting the maximum amount of uncorrelated light possible. The OAM entangled photons can then
be stored in additional atomic quantum memories [30, 60, 80–82]. Control and optimization of the OAM entanglement of biphotons with the coherent storage in an
atomic quantum memory would prove to be a major development in high-dimensional
quantum communication with OAM. As a first step in our research we investigate
generation of photons correlated in time, and the control of temporal properties of
these photons.
In this chapter, we present the apparatus developed to examine the time correlation of biphotons generated in FWM in our cold atomic ensemble. Section 3.1
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presents the background of the system and of photon pair generation using spontaneous FWM. Section 3.2 expands upon the developments in the apparatus beyond
what is used for seeded FWM and described in Ch. 2. These developments include
the characterization and switching of avalanche photodiodes (APD’s) and high time
resolution coincidence counting with an field programmable gate array (FPGA).
This section includes preliminary results studying the time correlation of photon
pairs generated in our process in Sec. 3.2.3. We further describe improvements to
the apparatus including the design, assembly, and characterization of monolithic narrowband Fabry-Pérot cavity filters in Sec. 3.3.2 to reduce the background as the next
generation of the experiment is developed. We conclude in Sec. 3.4.

3.1

Background

Spontaneous four-wave mixing in cold atomic ensembles generates pairs of photons
by coupling the two hyperfine ground states to two excited states of the atoms
comprising the ensemble, Fig. 3.1. This configuration is referred to as the doublelambda configuration. The atoms start in the ground state |gi and are off resonantly
coupled to the excited state |e1 i by a pump beam with detuning ∆p . A single
photon is scattered, resulting in a single atom making the anti-Stokes transition into
the other ground state |si [6, 83]. The atoms end in a coherent superposition of
one atom having undergone the Raman transition to |si with all of the rest left in
the ground state |gi, for all possible atoms. A collective excitation is created in the
atomic ensemble [83].
N
1 X i(~kp −~ka )·~rj
e
|ggg...sj ...gggi
|C~ka i = √
N j=1

(3.1)

In this equation |C~ka i is the spin wave in the atomic ensemble, with the sum
summing over all of the j atoms in the ensemble, and ~kp,a are the wave vectors of
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the pump field and the emitted anti-Stokes photon, respectively. The emitted antiStokes photon is entangled with the atomic spin wave in the wave vector basis and
in the excitation number basis. Entanglement can occur between the polarization
of the generated photon and the magnetic sublevels of the atoms [84], but also can
occur in other degrees of freedom.
z
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Figure 3.1: (a) Atomic energy level diagram with the fields involved in the spontaneous FWM process in the double-lambda configuration. Pump and coupling fields
couple the atomic ground states |gi and |si to the excited states |e1 i and |e2 i. A pair
of correlated photons, the Stokes and anti-Stokes photons are emitted. (b) Spatial
diagram of spontaneous FWM. Pump and coupling beams counter-propagate along
the long axis of the atomic ensemble. Pairs of Stokes and anti-Stokes photons are
emitted into directions satisfying phase matching between the four fields.

The spin wave is long lived due to the slow dephasing between the hyperfine
ground states of cold alkali atoms and is also relatively robust to atom loss. With
each atom having a v

1
N

probability of having undergone the anti-Stokes transition,

the loss of any particular atom does not significantly decohere the state. The atomic
ensemble here can act as a quantum memory, coherently preserving the wave vector
and the polarization of the emitted anti-Stokes photon in the spatial coherence and
magnetic sublevel of the collective atomic excitation.
The second classical field involved in the process couples the ground state |si
back up to the excited state |e2 i. This field is termed the coupling field with wave
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vector ~kc , analogous to the seeded FWM process explored in Ch. 2. The phase of
~

~

~

the atomic population driven into the excited state |e2 i becomes ei(kp −ka +kc )·~rj . The
atoms then decay such that they end up in their initial state with a high probability
through the interference of the decay paths [8]. The phase of the state returns to zero
and the coefficient of the state returns to one, and is referred to as phase matching.
Through phase matching, and intuitively because the atoms return to their initial
state, momentum is conserved between the four fields.

~kp − ~ka + ~kc − ~ks = 0

(3.2)

In addition to linear momentum conservation, the energy, spin-angular momentum, and orbital angular momentum of the fields are also conserved. Each of these
conserved degrees of freedom can lead to entanglement of the photons generated
in the process. Momentum conservation correlates to and can lead to positionmomentum entanglement. Energy conservation can lead to time-frequency entanglement. Spin-angular momentum conservation can lead to polarization entanglement.
Orbital-angular momentum conservation likewise can lead to OAM entanglement.
The above description is for a double-lamba configuration with the two ground
states of the atoms coupled to two excited states of the atoms, four wave mixing in
a four level system. The description largely holds for the case in which the coupling
field couples the ground state |si back to the same excited state |e1 i the pump field
off resonantly couples to. This is four wave mixing in a three level system [31, 84].
The FWM process can be implemented as alluded to in the above description with an
intermediate collective spin wave created between the emission of each of the photons
of the pair. The process can also be driven with the pump and coupling beams
simultaneously, as is done in the experiments described below for the generation of
quantum correlated photon pairs [8].
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3.2

Towards Experimental Time-Correlated
Biphoton Generation

The generation of correlated photon pairs using spontaneous four wave mixing is
performed in the following experiments with counter-propagating pump and coupling
beams propagating along the long axis of an atomic ensemble of cesium atoms. The
atomic ensemble is produced with a 2D-MOT, as was the case during seeded FWM
described in Ch. 2, Sec. 2.2. The experiments presented here perform four wave
mixing with three atomic states, as shown in Fig. 3.2. The physical states in the
process are |gi → |6S1/2 , F = 4i, |si → |6S1/2 , F = 3i, and |ei → |6P3/2 , F 0 = 4i.

$p

|e⟩ = |6P!⁄#, F’ = 4⟩
p

s

c 
a

|g⟩ = |6S½, F = 4⟩
Pump Stokes
|s⟩ = |6S½, F = 3⟩
Coupling antiStokes
Figure 3.2: Atomic energy levels used in the spontaneous FWM experiments presented here. The experiments perform spontaneous FWM with three atomic states.
The ground states are the hyperfine ground states of the cesium atoms and the
excited state is the |F = 4i of the D2 line in Cs.

The mode of the collected anti-Stokes photons ~ka in the spontaneous FWM process correspond to the mode of the seed light ~kseed in seeded FWM, Ch. 2. The
conjugate mode in the seeded process ~kconj is the mode satisfying phase matching in
combination with the pump, coupling and seed modes. Likewise, the Stokes photon
~ks in the spontaneous process is emitted into the phase matched mode with respect
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to the pump, coupling, and anti-Stokes fields, as described in Eq. (4.10). Coupling
the seed and conjugate light into single mode fibers during the seeded process, when
the signals are inherently much larger, defines a pair of phase matched spatial modes
in the spontaneous FWM process. After the system is configured and optimized
with the seeded process, the seed light can be blocked and the fibers can be used to
collected the photons from the spontaneous process.
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Figure 3.3: Spontaneous FWM Experimental Schematic. Two counter-propagating
pump and coupling fields propagate along the long axis of the atomic ensemble,
driving the spontaneous FWM process. A pair of photons, Stokes and anti-Stokes
photons, are emitted into directions satisfying phase matching between the four fields.
The Stokes and anti-Stokes photons are collected and filtered with polarizing beam
splitters (PBS’s) and single mode fibers. Avalanche photo diodes (APD’s) detect
the photons. The time dependence of coincidence counts between APD outputs is
measured recorded. SMF - single mode fiber.

One of the primary differences in the apparatus for the spontaneous (Fig. 3.3)
and seeded process’ is the method of detecting the generated light. As opposed
to performing the measurement with photodetectors or a power meter, the photon
pairs generated in the spontaneous process are detected with avalanche photodiodes
(APD’s) used as single photon detectors. Coincidence’s in the detection events from
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the APD’s are measured with a field programmable gate array (FPGA) [85]. The
temporal distribution of coincidence counts gives the magnitude of the biphoton
temporal wavefunction [37].

3.2.1

Avalanche Photo Diodes

In our experiments we use two APD’s, APD1 (Perkin Elmer SPCM - AQR - 13),
and APD2 (Perkin Elmer SPCM - AQRH - 15 FC). We characterized the APD’s
and measured the detection efficiency to be 56% and 42% for APD1 and APD2,
respectively, at 852 nm with output pulse widths 48 ns for APD1 and 17 nm for
APD2. The APD’s are gated during the FWM process. During the atom trapping
and cooling period of the experimental cycle the APD’s are inactive to prevent APD
damage from light scattered from the atoms and vacuum cell when the MOT and
repumper beams (Ch. 2, Sec. 2.2) are on. Gating the APD’s requires sinking 80 −
100 mA current. We sink this current as quickly as possible to maximize the time
detecting the generated photon pairs. Additional details of the current sink circuit
can be found in the the Appendix A.1. Gating the APD’s results in a output pulse
when the APD’s are first activated, which artificially increase coincidence counts
rates between the detectors. Blanking of the APD output digitally with the FPGA
allows for suppressing this effect.

3.2.2

Experimental Timing and Coincidence Counting

Experimental timing and photon and coincidence counting are done with a field
programmable gate array (FPGA)(Altera Cyclone II) based on the FPGA-computer
interface in Ref. [85]. Reconfigurable logic circuits programmed into the FPGA are
used to create pulse sequences that are output from the FPGA to controlling the
timing of the lasers and APD gating. Similar logic circuits are configured to make
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the FPGA collect and process data. Experiments are performed using three clocks
derived from the FPGA internal clock of 48 MHz: one clock sets the repetition rate
of the experiment (T in Fig. 3.4), one clock for the timing of the experimental cycle,
and one clock for the high resolution time steps used in coincidence counting.
The majority of the experimental period consists of cooling and trapping of the
atoms in the 2D MOT to generate the cold atomic ensemble for the FWM, resulting
in a FWM duty cycle of ∼ 10%, as illustrated in Fig. 3.4. After the atoms are
trapped and cooled, the MOT and repumper light are turned off while the pump
and coupling beams for the FWM process are turned on. High on-off ratios for the
light are achieved using high-isolation RF switches (Minicircuits ZYSW - 2 - 50DR)
controlled by the digital pulses out of the FPGA. The switches which turn on and
off the electrical RF fields driving the acousto-optical modulators (AOMs), which in
turn function as fast light shutters.

Figure 3.4: General Experimental Timing. The experimental period primarily consists of cooling and trapping of the atoms to form the atomic ensemble. The FWM
process takes place with the MOT light turned off, with the APD’s gated and data
recorded after small controllable delays.
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The APD’s are gated approximately 1 µs after the MOT light is shuttered, allowing the MOT and repumper light to be extinguished before the APD’s become
active. The detectors are blanked for 333 ns after they are gated to suppress spurious
counts produced by the gating process. A fast clock at 336 MHz generated from the
FPGA internal clock allows high resolution time binning of the APD clicks with time
bins as short as 2.97 ns.
The data recorded are coincidence counts as a function of the time delay between
detection events. The detection of an anti-Stokes photon initiates the beginning
of coincidence count measurement and triggers a detection window of controllable
length. During this detection window, the Stokes photon can be detected by the other
APD, indicating a successful coincidence count. The arrival time of the Stokes photon
in the detection window is recorded as a time stamp, corresponding to the relative
arrival time of the Stokes photon to the anti-Stokes photon (plus a controllable delay).
The time stamps are output to a computer and used to build histograms of the
relative arrival times of the photons, giving the desired time correlations of photon
pairs generated in the spontaneous FWM process [37, 72, 78] The distribution of
relative arrival times of the photons is examined as a function of various experimental
parameters.

3.2.3

Preliminary Results

The time correlations of the photon pairs are measured via time dependent coincidence count rates R(τ ). These coincidence count rates can be used to demonstrate
the non-classicallity and time entanglement of the photon pairs in well functioning
experiments [8]. Here we present preliminary results of the time correlation of the
photon pairs generated in our system as a function several experimental parameters.
Additional improvements to the system are expected to enable the observation of
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provably non-classical features in the biphoton temporal wavefunction.
The time dependent coincidence count rate R(τ ) gives a direct measurement of
the intensity correlation of two modes. The magnitude of the biphoton wavefunction
can be determined with these correlations [37, 72, 86]. R(τ ) is the rate of Stokes
photon counts at a time ts given the detection of an anti-Stokes photon at time
ta , where τ = ts − ta is the relative arrival time of the photons. The results of
a typical measurement of the biphoton time correlation in our system is shown in
Fig. 3.5. In this data set, the pump field power is Pp = 5 µW, the coupling field
power is Pc = 25 µW, and the pump detuning is ∆p = 41 MHz with the experimental
repetition rate fr = 183 Hz with a FWM period of approximately tF W M = 528 µs,
as labeled in Fig. 3.4. Note the temporal resolution of approximately 3 ns time bins.
The correlation shows a slow exponential-like decay envelope with higher frequency periodic oscillations starting at a relative arrival time τ = 0 ns and which
persist out to a delay time of approximately τ = 200 ns as seen in Fig. 3.5 (a).
The coincidence counts decay from τ = 0 ns to the long-time coincidence count rate
R(τ0 ) ≈ 5 counts/s. After a time τ0 , for instance τ0 ≥ 250 ns for these experimental
parameters, the photons cease to be correlated. This long-time coincidence rate gives
a measure of the expected coincidence counts of uncorrelated photons. This gives a
signal to background ratio, defined as the peak R(τ ) over R(τ0 ), of approximately
1.2:

max(R(τ ))
R(τ0 )

≈ 1.2.

An unexpected artifact typical in the time correlation measurements in our system are periodic the dips in R(τ ) below R(τ0 ). While this artifact is unexpected,
R(τ0 ) is simply one count rate with which to compare R(τ ). We also measure the
background coincidence count rate RN A when no atoms are trapped, Fig. 3.5 (b).
This background is taken by running the exact same experiment as in Fig. 3.5 (a),
except with the anti-Helmholtz coils (Ch. 2, Sec. 2.2) turned off, such that we do not
produce an atomic ensemble. The vast majority of RN A is due to pump and coupling
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light scattering off the vacuum cell. We see in all experiments performed, the dips
in R(τ ) never fall below below RN A . Clearer insight will be gained into the time
correlations and oscillations levels with respect to background when we implement
the improvements discussed in Section 3.3.
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Figure 3.5: (a) Biphoton Time Correlation. Coupling power Pc = 25 µW, Pp = 5 µW,
∆p = 41 MHz, 3 ns time bins, 40 ns delay time. Slow timing configuration: fr = 183
Hz repetition rate. The coincidence count rate can be seen to have a slow decay envelope with higher frequency oscillations. The time correlations represented by the
coincidence count rate R(τ ) fall below the long time coincidence count rate R(τ0 )
during the oscillations from 0 . τ . 250 ns. (b) No atom background coincidence counts. Same experimental configuration as (a), but with no atomic ensemble
present. The coincidence count rate in (a) never falls below the levels in this plot
RN A

We investigated the biphoton time correlation for different ranges of experimental
parameters including the pump detuning ∆p , pump power Pp , and coupling power
Pc . The pump detuning was found to have a significant affect on the profile of the
coincidence counts. Fig. 3.6 shows the time correlations for two different detunings
of the pump beam, while holding the other parameters constant. In these plots, the
coupling power is Pc = 50 µW, pump power is Pp = 5 µW, and the experiment is run
at a fr = 1/T = 11.72 kHz repetition rate with 3 ns coincidence count time bins.
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The frequency of the coincidence count oscillation is clearly distinct for each of the
two detunings. The coindidence count rate for ∆p = 50 MHz in Fig. 3.6 (b) is much
faster than that of ∆p = 20 MHz in Fig. 3.6 (a). Figure 3.7 shows the coincidence
count oscillation frequency as a function of pump detunings. We observe a linear
relationship between the pump detuning ∆p and oscillation frequency. While the
frequency of the time correlations is clearly dependent on the detuning of the pump
field, we do not find a relationship between the power of the pump and coupling
fields and the time correlation profile of the collected light. The generation rate
of photons depends on the powers of the pump and coupling fields, but the large
background and large fluctuations in the background prevent more detailed studies
of this dependence.
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Figure 3.6: Biphoton Time Correlation for two different pump detunings. Coupling
power Pc = 50 µW, pump power Pp = 5 µW, 3 ns time bins, 40 ns delay time, configuration fr = T1 = 11.72 kHz repetition rate, with pump detunings (a) ∆p = 20 MHz
and (b) ∆p = 50 MHz.
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Figure 3.7: (a) Time correlation oscillation frequency as a function of pump detuning
∆p . All data taken with Pc = 50 µW, Pp = 5 µW, 3 ns time bins, 40 ns delay time,
and a 11.72 kHz experimental repetition rate. (b) Example of the measurement of
the oscillation of coincidence counts with relative delay time. Oscillations persists
over many cycles, allowing an accurate determination of the oscillation frequency.

3.3

Discussion, Improvements, and Outlook

This spontaneous four wave mixing experiment with cold atoms allows us to measure
the time correlations of the generated photons with a time resolution of 3 ns. Preliminary data shows oscillations in the biphoton temporal wavefunction, as observed by
oscillations in the coincidence count rate R(τ ). With the additional improvements to
the system described below, correlations measured in the photon pair are expected to
show definitively non-classical signatures. The improvements may allow additional
insight and clarity into the nature of the oscillations of R(τ ).
The time correlation shows oscillations at a frequency approximately proportional
to the pump field detuning ∆p , with a small offset of 4.3 MHz, as seen in Fig. 3.7.
While the data presented in Fig. 3.7 is for a specific set of pump and coupling powers,
this dependence holds over the full parameter range explored in our preliminary data.
We observed that the frequency of the oscillations is independent of the power of the
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pump and coupling fields over an order of magnitude of pump and coupling powers.
While the physical cause of the oscillations of R(τ ) is not yet understood, numerous experimental configurations and parameter ranges were explored showing similar
features, which suggests that the oscillations may be due to the FWM process and
detection scheme. In addition, the time reversed R(τ ) was measured by triggering
the coincidence measurement on the Stokes photon and subsequently recording the
relative arrival time of the anti-Stokes photon to investigate possible unexpected effects of switching mechanisms of the experiment and gating of the APD’s. However,
we did not observe any change in the characteristic feature of R(τ ).
The oscillation of the time correlation of biphotons generated in spontaneous
FWM in cold atomic ensembles is not unique to this experiment [36, 37, 84, 87],
yet the oscillations found in our work are distinct from previous works. Previous
works using a four level system (similar to Fig. 3.1 (a) with ∆c = 0) observe time
p
correlations oscillations with a frequency ω = Ω2c − (γeg − γgs )2 , where Ωc is the
rabi frequency of the coupling field and γij is the dephasing rate between |ii and
|ji [37]. On the other hand, in works in three level system [31, 37, 84], oscillations in
the coincidence count rate can be seen under certain experimental conditions with a
p
frequency determined by the effective Rabi frequency Ωe = ∆2c + |Ωc |2 . In contrast,
we do not observe a dependence of the oscillation frequency on the coupling power.
The observed linear dependence on the oscillation frequency and pump detuning in
our work also deviates from those models.
While the physical setup used in our experiments is similar to that used in previous works [32,87], there are several key differences that may contribute to the difference of our time correlations from previous works, including the pump propagation
and single photon collection directions [87], the specific energy level configuration,
and the optical depth of our ensemble [32, 37, 64]. The FWM mixing process studied
in our system additionally is performed with the quadupolar field on, with high time
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resolution in the detection, without state preparation, with the atomic population
initially in the higher |F i hyperfine ground state, and without spectral filtering of
the generated photons. All these differences may lead to the unique oscillations in
R(τ ).
Several modifications to the system will improve the quality of the data and may
provide insight into the physical process’ influencing the profile of R(τ ). A central
concern with the data taken is the large background, the oscillations dipping below
R(τ0 ), scattering from the pumps by the cell, and the large no atom background
RN A . Two major improvements to the system aim to address these issues. Firstly,
the current vacuum cell (Fig. 3.8 (a)) will be replaced with an AR coated cell with
fused silica windows (Fig. 3.8 (b)), described in Sec. 3.3.1. Secondly, spectral filtering
will additionally improve the signal to background ratio. We have designed, built,
and characterized monolithic Fabry-Pérot cavity filters, described in Sec. 3.3.2, to
provide this spectral filtering.

3.3.1

Cell

Large amounts of scattering of the pump and coupling fields off of the cell causes
a large background of coincidence counts unrelated to the photon pairs generated
from the FWM process. The scattering is likely due to small imperfections in the
glass. The apparatus also suffered from large fluctuations of this scattering rate
which prevented some repeatability in our experiment and made troubleshooting not
possible.
We investigated scattering rates of three new cells manufactured by Precision
Glass Blowing Inc. and compared the results with our original cell (Fig. 3.8 (a))
under experimental conditions and timings, with repetition rate fr = 11.72 kHz and
FWM period tF W M = 10 µs, see Fig 3.4. In these scattering studies the pump and

46

Chapter 3. Spontaneous Four-Wave Mixing

Figure 3.8: Vacuum cells. (a) Uncoated box cell used in all of the four wave mixing
experiments. (b) AR coated octagonal cell with fused silica windows to be used in
future FWM experiments.

coupling beams are incident on the cell with powers Pp = 10 µW and Pc = 75 µW
while the APD’s monitor light collected in approximately phase matched directions
with single mode fibers. The collection modes propagate with v 3◦ angle with
respect to the pump and coupling fields, with them overlapping in the center of the
cell, as depicted shown in Fig. 3.9. We scanned the position of each cell to study
the scattering rate as a function of the position of the incident pump and coupling
fields due to spatial imperfections of the cells, and estimate the possible fluctuations
in scattering rate that may occur due to small drifts in the alignment of the system.
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The cells under test were two uncoated pyrex box cells of different sizes, 30 mm×30
mm×100 mm and 40 mm×40 mm×100 mm and an octagonal cell with fused silica
windows with anti-reflection coating at 852 nm, constructed with 4 in primary and
1.5 in secondary windows shown in Fig. 3.8 (b).

Figure 3.9: Depiction of the cell scattering measurement. The positional dependence
of scattering rates of the cells is systematically found for three cells by measuring
the scattering rates for each of the pump and couplings beams with Pp = 10 µW and
Pc = 75 µW for both APD’s while translating the cell over v 25 mm
Figure 3.10 shows the results for the dependence of the scattering rates for different cells. While we observe scattering rates of about O(104 ) to O(105 ) photons per
second for the pyrex cells, the octagonal cell shows a much lower scattering rate of
< 500 counts/s. This is partially due to the width of the octagonal cell being 5.5 in
as opposed to a width of v 1.5 in for the pyrex box cells. The greater width allows
a for larger separation of the collection modes from the incident pump and coupling
modes at the cell windows, reducing the overlap of the modes. An additional test
was performed translating the octagonal cell such that the pump and coupling modes
overlap on the cell windows as opposed to in the center of the cell. This produced a
higher counter rate as compared to the test with the beams intersecting at the center
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of the cell, as expected. However, this increase is not significant with a maximum
scatting count rate of v 1000 counts/s. We expect the octagonal cell will significantly reduce the background counts in our experiment and improve the quality of
the biphoton correlation data.
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Figure 3.10: Scattering rates for three new cells constructed by Precision Glass
Blowing Inc. Scattering rates are measured for both APD1 and APD2 for each of
the pump (a) and coupling fields (b).

3.3.2

Narrowband Frequency Filters

The high background levels of coincidence counts can also be largely supressed by
using frequency filters. The filters will transmit photons from the FWM process
while rejecting light from atomic flourecence, other FWM processes [31, 84, 88], and
scattering of the pump and coupling fields from the cell. To this end we designed
narrowband, monolithic, temperature tuned, Fabry-Pérot filter cavities following the
work in Refs. [89, 90].
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The filters are custom manufactured plano-convex lenses made from BK7 glass
and coated with a high reflectivity coating from Rocky Mountain Instrument Co.
The high reflectivity coating on both sides of the lens form the Fabry-Pérot cavity
for the frequency filter. Due to the cavity being monolithic (a single lens) these filters
are inherently more stable than cavities using two mirrors. The resonance frequency
can be temperature tuned with a thermoelectric cooler (TEC). Important properties
of the cavities such as the maximum transmission, linewidth, frequency stability,
spatial mode frequency splitting, and free spectral range can be tailored through the
thickness of the lens, reflectivity of the coating, loss in the coating, loss in the bulk
BK7, and curvature of the convex surface of the lens.
We model the filter as a lossy cavity. The transmission is described as [91]
T =

G0 (1 − R)2
(1 − G0 R)2 + 4G0 R sin2 θ

(3.3)

where G0 is the round trip gain in the cavity, R is the reflectivity of the coatings,
and θ =

2πνnd
c

with ν being the frequency of the light, n the index of refraction, d

the thickness of the cavity, and c is the speed of light.
Using this model we calculate the linewidth, defined as the full-width halfmaximum (FWHM) peak tranmission, and the expected transmission fluctuations
due to temperature stability [89], free spectral range (FSR), and transmission at a
210 MHz detuning. A detuning of 210 MHz corresponds to the frequency difference
between the pump and Stokes fields, as well as between the coupling and anti-Stokes
fields, in the FWM process using atomic states |gi = |6S1/2 , F = 4i, |si = |6S1/2 , F =
3i, |e1 i = |6P3/2 , F 0 = 4i, and |e2 i = |6P3/2 , F 0 = 3i, when ∆p = 10 MHz and ∆c = 0,
see Fig. 3.1. The cavity transmission at 210 MHz relative to peak transmission is
a measure of the ability of the filters to reject the unwanted light in our FWM
experiments. We calculated these properties of the filters for the possible range of
coating reflectivities specified by the manufacturer. The results of these calculations
for the chosen thicknesses of lenses used are listed in Tables (3.1)-(3.3).
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Reflectivity

0.9925

0.9925

0.9925

0.9925

Thickness (mm)
Cavity Loss (PPM)
FWHM (MHz)
T ransmax
T rans@210 M Hz
∆T ± 4 mK
∆T ± 2 mK
FSR (GHz)

3
450
90
0.78
0.044
0.94
0.98
33

4.5
450
60
0.77
0.020
0.88
0.97
22

6
450
45
0.77
0.012
0.80
0.94
17

9
450
30
0.75
0.0052
0.65
0.88
11

Table 3.1: Cavity properties for reflectivity R = 0.9925 within specifications of the
custom coating for each lens thickness.

Reflectivity

0.9900

0.9900

0.9900

0.9900

Thickness (mm)
Cavity Loss (PPM)
FWHM (MHz)
T ransmax
T rans@210 M Hz
∆T ± 4 mK
∆T ± 2 mK
FSR (GHz)

3
450
116
0.83
0.071
0.96
0.99
33

4.5
450
78
0.82
0.033
0.92
0.98
22

6
450
58
0.82
0.019
0.87
0.96
17

9
450
39
0.81
0.0087
0.75
0.92
11

Table 3.2: Cavity properties for reflectivity R = 0.9900 within specifications of the
custom coating for each lens thickness.

The design for mounting and tuning the filters is adapted from Ref. [89]. The filter
is placed in a modified Thorlabs lens mount LMR1, against a layer of aluminum foil
thermally coupled to the TEC. The TEC has a through hole in the center, allowing
light to propagate through it. The TEC is coupled to an aluminum heat sink designed
to be mounted to an optical breadboad. The full system is mounted in place with a
custom Delrin clamp bolted to the aluminum heat sink, see Fig. 3.11.
The filter properties measured for characterization are the peak transmission,
linewidth, and stability. We designed four different thickness filters. However, the
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Reflectivity

0.9875

0.9875

0.9875

0.9875

Thickness (mm)
Cavity Loss (PPM)
FWHM (MHz)
T ransmax
T rans@210 M Hz
∆T ± 4 mK
∆T ± 2 mK
FSR (GHz)

3
450
143
0.86
0.104
0.98
0.99
33

4.5
450
95
0.85
0.049
0.95
0.99
22

6
450
72
0.85
0.028
0.91
0.98
17

9
450
48
0.84
0.013
0.82
0.95
11

Table 3.3: Cavity properties for reflectivity R = 0.9875 within specifications of the
custom coating for each lens thickness.

Figure 3.11: (a) Schematic of cavity mount from Ref. [89] that our mount is based
upon. (b) Image of our mounted filter in situ.

first filter assembled with center thickness 4.5 mm was sufficient for fulfilling the
needs of the experiment, and here we report on these filters. Filters with other
center thickness may be used in later experiments with different requirements. The
peak transmission of the two filters assembled are found to be 69% and 63%.
The measurement of the linewidth of the filters was performed by using atomic
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reference lines for frequency calibration of the laser. Scanning a probe laser over
the cavity filter resonance while simultaneously monitoring the laser frequency with
saturated absorption in a cesium vapor cell allows us to use the hyperfine splittings as
a precise measurement of the frequency of the laser as it is scanned. The transmission
of the filters can then be fit using this saturated absorption spectrum as a reference,
as seen in Fig. 3.12. The cavity filters were found to have a linewidths of 51 MHz
and 54 MHz. Similarly, the stability of the cavities were measured by tracking the
central transmission frequency of the cavity with respect to the peaks of the saturated
absorption spectroscopy reference. The cavities were found to fluctuate in their
central frequency by less than 250 kHz on shorter time scales of 10 minutes and less
than 1 MHz in slightly longer time scales on the order of 1 hour. The measurements
of the filter linewidth and cavity stability using the saturated absorption reference
were done in partnership with Nathaniel Ristoff. Our results show that these cavities
will be able to filter the Stokes and anti-Stokes photons from other spurious light in
the experiment.
The resonance frequency of the filters needs to be tuned to the central frequencies
of the the Stokes and anti-Stokes fields. The filter accepting the anti-Stokes photon
can can tuned using the seeded FWM process described in Ch. 2. When the pump,
coupling, and seed field in the seeded FWM process are in a three photon resonance
between the atomic states, conjugate light is generated in the direction satisfying
phase matching. The frequencies of the seed and conjugate fields will then correspond to the anti-Stokes and Stokes frequencies, respectively. The filter is tuned by
simultaneously monitoring the back reflection of the seed light from the filter along
with the generated conjugate light, while scanning the frequency of the seed light
over the FWM resonance. When the seed light is on resonance with the filter there
is a dip in the power of the reflected seed light, as seen in Fig 3.13 (a), corresponding
to the seed light being transmitted through the filter. The resonance frequency of
the filter is tuned such that the seed light is transmitted at the same frequency the
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Figure 3.12: The frequency filter cavities are characterized and can be tuned by
measuring the transmission (orange curve) simultaneously with the atomic hyperfine
spectrum with saturated spectroscopy (blue curve). This trace is with one filter tuned
to the |F = 3i → |6P3/2 i transition, the approximately frequency of the Stokes and
conjugate fields generated in the FWM process’.

conjugate light is generated in the seeded FWM process, as seen in Fig. 3.13 (b) and
(c). This procedure corresponds to tuning the filter resonance to the same frequency
of the anti-Stokes photons produced in the spontaneous FWM process.
The frequency of the filter accepting the Stokes field can be tuned straightforwardly in the case when the coupling light is on resonance with the atomic transition,
∆c = 0. In this case, the conjugate and Stokes fields are generated on the |gi → |ei
transition. The transmission of the filter can then monitored simultaneously with a
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Figure 3.13: Filter tuning using the reflecting from the filter cavity and conjugate
light from the seeded FWM process. All show conjugate photodetector signal (yellow)
and voltage of the seed frequency scan (green). (a) Reflection from the filter cavity,
no conjugate light. (b) Conjugate light, no cavity reflection (c) Cavity reflection and
conjugate light with the cavity tuned to the needed resonance frequency.

saturated absorption spectroscopy signal, while tuning the transmission peak of the
filter to coincide with the hyperfine peak corresponding to the |gi → |ei transition.
The case in which ∆c 6= 0 is more difficult in that the conjugate and Stokes light are
detuned from the atomic transition. Tuning the filter requires precisely measuring
the detuning of the resonance of the filter with respect to the atomic resonance,
which we do by fitting the saturated absorption spectrum along with the filter transmission. The resonance frequency of the filter can then be iteratively temperature
tuned to match a known detuning of the coupling and conjugate fields. Figure 3.14
shows a schematic of the FWM experiment including the filter cavities and all of the
detectors needed for characterization and tuning of the resonance frequencies of the
filters.

3.4

Conclusion

In this chapter, spontaneous FWM in a cold atomic ensemble is presented and the
apparatus used to generate correlated photon pairs in our experiment is described.
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Photodetector

Single Mode Fiber Flip Mirror

PBS

Conjugate Field
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kconjugate/Stokes
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Filter
Cavity
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Filter Cavity

Figure 3.14: FWM Schematic with integrated filter cavities. The filter cavities are
placed in between the single mode fibers collecting the seed (anti-Stokes) and conjugate (Stokes) fields and their respective APD’s. A mirror in a flip mount is installed,
allowing for tuning the filters and measuring the photon pairs from spontaneous
FWM. The filter cavity in the seed/anti-Stokes path is tuned using the light generate from the seeded FWM process. The conjugate/Stokes filter is tuned by using a
separate reference field.

We study the time correlation of the photon pairs through the time dependent coincidence count rate R(τ ) over a range of experimental parameters. We observe R(τ )
to have a slow exponential-like decay envelope with higher frequency oscillations.
The oscillation frequency is observed to be proportional to the pump detuning ∆p
and independent of the pump and coupling field powers.
R(τ ) typically is observed to dip below the long-time coincidence count rate
R(τ0 ) in the range of τ . 250ns. This unusual and unexpected feature occurs over
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the full range of pump detunings, and pump and coupling powers investigated in our
experiment. While R(τ ) can be below R(τ0 ), there is no observation of R(τ ) falling
below the background coincidence count rate measured when no atoms were present
RN A .
Two improvements to the apparatus aimed to reduce background coincidence
counts are described. Spatial imperfections in the vacuum cell are found to be responsible for large amount of scattering of the pump and coupling fields, which affect
the repeatability of biphoton time correlation measurements. We will replace the existing cell with an octagonal cell made with AR coated fused silica windows. This
new cell reduces the scattering of the pump and coupling fields by orders of magnitude. The second improvement developed are monolithic narrowband frequency
filters made with high reflectivity coatings on opposing sides of custom plano-convex
lenses. The characterized filters are expected to significantly filter the desired photon
pairs from other spurious light. The reduced background and greater repeatability
afforded by these improvements are expected to allow additional experiments to elucidate the nature of the time correlation profile R(τ ) and to observe definitively
non-classical signatures in the correlations of the generated photon pairs.
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Chapter 4
Correlations in Orbital Angular
Momentum of Biphotons

4.1

Introduction

The correlations and entanglement of photon pairs generated with four-wave mixing
(FWM) in cold atomic vapors can be used for a variety of quantum information
applications, notably for long-distance quantum communication [6] and for quantum
networks [55]. In both of these applications, correlations are developed between distant quantum nodes through interfacing the individual photos of an entangled photon
pair with distant quantum memories and quantum repeaters. The development of
photon sources with a large degree of control plays a central roll in the realization of
these quantum protocols by allowing the photon source to be tailored to a specific
need.
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The polarization degree of freedom (DOF) of photons is a natural and commonly
used DOF to encode information for photonic quantum information protocols. It
lends itself naturally to the encoding of qubits with the qubit being defined with
orthogonal polarization states. The first quantum key distribution proposal was developed in terms of the polarization [4]. However, although polarization has been
broadly used for its simplicity and practical convenience, the less explored orbitalangular-momentum (OAM) DOF allures with the potential to extend quantum communication protocols to high dimensions. The OAM relates to the spatial structure
of the field [92]. OAM is discrete and infinitely dimensional, and encoding information in this DOF allows photons to become qudits. Extending the dimensionality
of the state space in a quantum communication protocol intuitively has the ability
increase the amount of information carried by each photon, increasing the channel capacity [2, 15, 16, 18–20]. The high dimensional space afforded by OAM has also been
shown to be useful in increasing the robustness of some quantum communication
protocols [2, 15, 17, 20, 21]
The first demonstration of the entanglement of the OAM of photon pairs by
Zeilinger and colleagues [22] used photons produced by spontaneous parametric down
conversion (SPDC). In the ensuing years, significant progress has been made on: generating photon pairs entangled in high dimensions in their OAM using SPDC [24–
26, 93, 94]; understanding the spatial correlations in these photon pairs [25, 95–99];
testing local realism in high-dimensional generalizations of Bell’s inquality [100];
and demonstrating techniques to manipulate and measure the OAM of a mode of
light [24, 26, 94, 101–108]. In the cold atom quantum optics community, preliminary experiments have demonstrated OAM entanglement of photons pairs generated
with FWM in cold atomic ensembles [28–30, 109]. In addition, a recent experiment
demonstrated the storage of entangled photons in atomic quantum memories [30],
which is a critical element in high-dimensional quantum communication protocols
and quantum networks. Theoretical studies in this area have investigated some of
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the OAM correlation of photon pairs generating in spontaneous FWM in atomic
ensembles [110]. However, a comprehensive study of the quantum correlations of
photons in OAM from atomic ensembles and how to increase their entanglement
remains largely unexplored.
This chapter describes our theoretical studies that generalize and extend previous
work [110] for the calculation of joint probability distributions of OAM of photon
pairs generated from spontaneous FWM in a cold atomic ensemble. The joint probability distributions are characterized and explored for realistic experimental parameters. In some instances we are able to quantify the entanglement entropy of the
OAM correlations of the photons. These preliminary results are the first step for
the control and manipulation of the OAM correlation of photon pairs collected in a
spontaneous FWM.
In this chapter we describe the FWM process theoretically. We present our
theoretical studies of the spatial wavefunction of the collected photon pairs in Sec. 4.2.
A description of the calculation of the joint probability distribution of OAM of the
wavefunction is given in Sec. 4.3. The probability distributions are characterized
and examined for different sets of experimental parameters. Section 4.4 presents a
discussion and analysis of the results. We conclude in Sec. 4.5.

4.2

Biphoton Spatial Wavefunction

We investigate the four-wave mixing configuration in Fig. 4.1, which is very similar
to that described in Ch. 3. Two counter propagating classical fields, the pump field
with wavevector ~kp and coupling field with wavevector ~kc , propagate along the long
axis of a cold atomic ensemble. These two fields couple the two hyperfine ground
states of the atoms |gi and |si to an excited state |ei. The calculation considers the
pump and coupling fields off-resonant with the excited state |ei. In the FWM process
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a pair of entangled photons, or a biphoton, is emitted from the atomic ensemble and
collected by an imaging system. Here we calculate the spatial wavefunction of the
collected photons. The wavefunction is expressed in terms of the transverse wave
vectors of the photons [95, 98, 110]
Z
|ψi =


d2 ~qa d2 ~qs Φ ~qa , ~qs â†q~a â†q~s |0i,

(4.1)

where â†q~j is the creation operator of field j with the transverse momentum ~qj . The

function Φ ~qa , ~qs is often referred to as the mode function [97, 110]. ~qa and ~qs are
the transverse wave vectors, the wave vectors in the transverse plane of the field
k
k
~qm ≡ ~km − km ẑm , where km ẑm is the wavevector in the propagation direction of the
paraxial fields, m ∈ p, c, a, s and p, c, a, s denote the pump, coupling, anti-Stokes,
and Stokes fields, respectively.

Figure 4.1: Schematic of the spontaneous FWM process. (a) Energy level diagram
with the pump and coupling driving fields coupling the ground states |gi and |si to
the excited state |ei. Entangled Stokes and anti-Stokes photons are emitted during
the process. (b) Spatial diagram of the process with counter propagating pump
and coupling beams along the long axis of the atomic ensemble with the Stokes and
anti-Stokes photons emitted in phase matched directions.

The biphoton wavefunction can be calculated using perturbation theory [31], considering the weak atom-light coupling and atom-vacuum coupling as perturbations
on the atomic system and the classical coherent pump and coupling fields. The
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atomic ensemble is treated as a nonlinear medium, mediating the coupling between
the four electromagnetic fields involved in the FWM process. The effective Hamiltonian governing the spontaneous FWM process is [31, 34]
Z


1
Ĥef f (~r, t) = ◦ d3~rχ(3) (~r, ω) Ep+ (~r, t)Ec+ (~r, t)Ês− (~r, t)Êa− (~r, t) + H.c.
2

(4.2)

where ◦ is the permittivity of free space, χ(3) (~r, ω) is the third-order susceptibility
+
of the atomic ensemble at position ~r and fields of frequencies ω, Ep(c)
is the positive
−
frequency component of the classical pump (coupling) field, and Êa(s)
is the negative

frequency component operator for the anti-Stokes (Stokes) quantum fields. The total
wavefunction is calculated in the interaction picture as
Z
i ∞
Ĥef f (~r, t) dt |0i
|Ψi = |0i −
~ −∞

(4.3)

where |0i denotes the multimode vacuum. We are specifically interested in the biphoton wavefunction, which is the second term in the above equation for |Ψi. The calculation is carried out with |ψi denoting the biphoton wavefunction and ignoring the
vacuum component of the state.
The electric fields in the Hamiltonian, Eq. (4.2), are expressed in momentum
space as [111]
1
= √
3
2π

Z


+
~kp(c) × ei~kp(c) ·~r−iωkp(c) t
(4.4)
d3~kp(c) Ẽp(c)
s
Z
~ωka(s) V −

1
−
3~
~ka(s) × e−i~ka(s) ·~r+iωka(s) t â†
Êa(s)
(~r, t) =
d
k
Ẽ
a(s)
~ka(s) (4.5)
a(s)
(2π)3
2◦
+
Ep(c)
(~r, t)

where V is the volume of the quantized mode and ωka(s) is the frequency of the a(s)
fields with wavevector ~ka(s) .
Using Eq. (4.4) and Eq. (4.5), the Hamiltonian Ĥef f (~r, t) can be simplified by
absorbing coefficients in the expressions for the fields into a proportionality constant.
The Hermitian conjugate part of the Hamiltonian “H.c.” contains annihilation operators in the positive frequency components of quantum fields. In the context of this

62

Chapter 4. Correlations in Orbital Angular Momentum of Biphotons
calculation, the Hamiltonian is acting on the vacuum. The annihilation operators
annihilator the vacuum state, so that the “H.c.” term does not contribute to the
result. The biphoton wavefunction becomes
Z




|ψi ∝ d3~kp d3~kc d3~ka d3~ks Ẽp+ ~kc Ẽc+ ~kc Ẽa− ~ka Ẽs− ~ks
Z
~ ~ ~ ~
× d3~r χ(3) (~r, ω) ei(kp +kc −ka −ka )·~r
Z ∞
×
dt ei(−ωkp −ωkc +ωka +ωks ) t â~†k â~†k |0i
a

−∞

(4.6)

s

d3~kp d3~kc d3~ka d3~ks represents the integral over the wavevectors
R
of all four fields for the expression following the integration symbol. Likewise d3 r
In this expression,

R

represents the integral over three position coordinates for the expression following the
integration symbol. This notation is used through the remainder of the calculation.
In the long time limit, energy conservation between the fields is enforced.
Z ∞
dt ei(−ωkp −ωkc +ωka +ωks ) t = 2πδ(−ωkp − ωkc + ωka + ωks )

(4.7)

−∞

We consider the case in which both the pump and coupling fields are far detuned
from the atomic resonance, as depicted in Fig. 4.1 (a), with ∆p , ∆c  Γ, Ωp , Ωc ,
where Γ is the dephasing rate of the atomic transition, and Ωp and Ωc are the
Rabi frequencies of the pump and coupling beams, respectively. In this regimes the
nonlinearity χ3 (~r, ω) can be represented as a separable function of position ~r and
field frequencies ω.
χ(3) (~r, ω) = χ(3) (~r) χ(3) (ω)

(4.8)

The position dependence of the nonlinearity depends on the atomic density. The
trapping potential of MOTs (Ch. 2, Sec. 2.2) are typically modeled as damped harmonic potentials. The solution to the Fokker-Plank equation with this potential gives
a Gaussian atomic density distribution [112]. We model the distribution of the ensemble as Gaussian in the transverse and longitudinal directions with characteristic
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lengths R and L, respectively.
χ(3) (~r) ∝ e−

2
x2 +y 2
− z2
R2
L

(4.9)

The spatial integral Eq. (4.6) becomes
Z
Z
x2 +y 2
z2
~ ~ ~ ~
3
(3)
i(~kp +~kc −~ka −~ka )·~
r
d ~r χ (~r) e
∝ d3 r e− R2 − L2 ei(kp +kc −ka −ka )·~r
∝e

−

(4.10)

2 +∆k2 )2 R2
2 )2 L2
(∆kx
(∆kz
y
−
4
4

The ∆kj terms represent phase mismatch in direction j, which are dependent on the
wavevectors kij of the field, where i ∈ p, c, a, s in direction j ∈ x, y, z.
∆kj ≡ kpj + kcj − kaj − ksj

(4.11)

The wavevectors in this expression are defined with respect to the lab frame of
reference displayed in Fig. 4.1 and labeled “lab frame” in Fig. 4.2.
The frequency dependence of the non-linearity is sharp [31, 110] and is approximated as
χ(3) (ω) ≈ χ(3)
p (ωkp , ωkc ) δ(ωka − (ωkp + ωgs ))δ(ωks − (ωkc − ωgs ))

(4.12)

where ωgs is the frequency splitting between the ground states of the atoms |gi and
|si. It can be seen in from Eq. (4.12) that the frequency of the anti-Stokes photon
ωka is determined by the frequency of the pump field and the hyperfine ground state
splitting ωgs with negligible frequency spread. Likewise the frequency of the Stokes
photon ωks is determined by the frequency of ωgs also with negligible frequency
spread.
The frequencies of the pump and coupling fields and their detunings from the
atomic resonances influence the total biphoton amplitude, and therefore the gen(3)

eration rate, via χp (ωkp , ωkc ). In the regime considered here, however, they do
not influence the spatial structure of the biphoton and their dependence therefore
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Figure 4.2: Fields represented in a local coordinate system. The z direction is
defined as the propagation direction of the field. (a) FWM schematic with the local
coordinate frame of each field shown. (b) The lab and Stokes coordinate frames (c)
The lab and anti-Stokes coordinate frames.

is mathematically absorbed into the proportionality constant. The biphoton wavefunction becomes
Z




|ψi ∝ d3~kp d3~kc d3~ka d3~ks Ẽp+ ~kp Ẽc+ ~kc Ẽa− ~ka Ẽs− ~ks
−

×e

2 +∆k2 ) R2
(∆kx
∆k2 L2
y
− z4
4

(4.13)
ζ(ω) â~†k â~†k
a
s

|0i

where ζ(ω) ≡ δ(ω~ks − (ω~kp + ωgs )) δ(ω~ks − (ω~kc − ωgs )) δ(−ω~kp − ω~kc + ω~ka + ω~ks ).
For our calculations it is convenient to represent each field in a local coordinate
system in which each field propagates in its local z direction, as depicted in Fig. 4.2
(a). Vectors in local coordinate frames are detoned with a subscript. The Stokes
and anti-Stokes photons are collected in anti-parallel directions with an angle φ with
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respect to the horizontal, see Fig. 4.2.
The local coordinate system of the Stokes photon can be related to the lab frame,
Fig. 4.2 (b), with
~x = ~xs
(4.14)

~y = − sin φ ~zs − cos φ ~ys
~z = − cos φ ~zs + sin φ ~ys
while the anti-Stokes local coordinate system is related to the lab frame with
~x = ~xa

(4.15)

~y = cos φ ~ya + sin φ ~za
~z = − cos φ ~za − sin φ ~ya
The coupling coordinate system is defined as

(4.16)

~x = ~xc , ~y = −~yc , ~z = −~zc

The pump field is defined with the same coordinate system as the lab coordinate
system.
We consider the case in which the pump and coupling fields are monochromatic
and all of the fields can be taken to be well collimated over the interaction region.
This approximation allows us to consider the spatial structure of the fields solely
at the waists of the beams and ignore propagation effects and the Gouy phase. In
other words, the transverse profile of the fields are independent of position along
the ensemble. This approximation also implies the longitudinal wave vectors are
independent of the transverse wave vector [110]. We can then express the pump and

+
coupling fields as having transverse profiles Em
~rm propagating in the z direction
in the local coordinate frames


k
+
⊥ ⊥
Em
~rm = Em
~rm e−ikm zm

(4.17)
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k

⊥
where ~rm
≡ xm x̂m +ym ŷm , km is the longitudinal wavevector for field m, and m ∈ p, c.

In our calculations we consider Gaussian pumps, so that the transverse profile of the
⊥
are Gaussian with waist wm .
beams Em

⊥
Em

⊥
~rm



=

⊥
rm

2

0 − wm
e 2
Em

(4.18)


+ ~
Taking the Fourier transform we arrive at the expression for Ẽm
km used to calculate
the biphoton wavefunction, Eq. (4.13).
Z

 ~
1
+
+ ~
d3~rm Em
Ẽm km = √
~rm eikm ·~r
3
2π
∝

zm
δ(km

−

k
km
) e−

(4.19)

2
wm
2
qm
4

k

k

where the transverse wavevector is defined as ~qm ≡ ~km − km ẑm , and km is the longitudinal wavevector of field m. We assume the transverse profile of the quantum
fields to be Gaussian.
− ~
Ẽa(s)
(ka(s) )

2
−qa(s)

∝e

wa (s)
2

2

(4.20)


The mode function Φ ~qa , ~qs is calculated by using Eq. (4.4) and Eq. (4.5) for
the Stokes, anti-Stokes fields, pump, and coupling fields in the integral for the
biphoton wavefunction Eq. (4.13). We arrive at the biphoton wavefunction |ψi =

R 2 2
d ~qa d ~qs Φ ~qa , ~qs â†q~a â†q~s |0i which allows for identifying the mode function, expressed in Cartesian coordinates as
1

1

2 2

2 2

1

Φ(~qa , ~qs ) = N e− 4 wa ρa − 4 ws ρs e− 4 α

2 (q x +q x )2 − 1 β 2 (q y −q y )2
a
s
a
s
4

.

(4.21)

Expressed in polar coordinates with the polar variables ρ2 = qx2 + qy2 = |~q|2 and
θ = tan( qqxy ), the mode function becomes
1

2

Φ(~qa , ~qs ) =N e− 4 (ws +α
1

×e− 4 ρa ρs [(α

2

cos2 θs +β 2 sin2 θs )ρ2s − 41 (wa2 +α2 cos2 θa +β 2 sin2 θa )ρ2a

2 −β 2 ) cos(θ

s −θa )+(α

2 +β 2 ) cos(θ +θ )]
s
a
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with the following coefficients
1
1
[wa2 ws2 + (wa2 + ws2 )α2 ] × [wa2 ws2 + (wa2 + ws2 )β 2 ] 4
2π
wp2 wc2
α2 =R2 2 2
wp wc + wp2 R2 + wc2 R2
N=

β 2 =α2 cos2 φ + L2 sin2 φ

(4.23)
(4.24)
(4.25)

This “mode function” Φ(~qa , ~qs ) [96, 110], corresponds to the biphoton wavefunction
in the transverse momentum basis [98].
The expression obtained here for the wave function also holds for ellipical pump
and coupling field profiles with different waists in the x and y directions. The expression for α2 in Eq. (4.24) is redefined with the waists in the x direction while
the expression for β 2 in Eq. (4.25) is redefined with the waists in the y direction.
We note that β 2 can therefore be controlled both through the collection angle φ and
equivalently through the spatial profile of the pump and coupling fields. The expression for Φ(~qa , ~qs ) in Eq. (4.21) generalized the previous works by Osorio et al. [110],
in which they calculated the mode function when wp = wc and wa = ws .
The same calculation can be performed with different spatial profiles of the pump
and coupling fields. When either or both of the pump and coupling fields are plane
waves, the same form of the mode function holds, Eq.(4.21)-(4.25), but α changes.
For example, with both the pump and coupling fields as plane waves, α reduces to
α2 = R2

(4.26)

When the pump (coupling) field has a Gaussian profile with waist wp(c) and the
coupling (pump) field is a plane wave
!
2
w
p(c)
α2 = R2
2
wp(c)
+ R2

(4.27)

An alternative approach to the derivation of the biphoton wavefunction is presented in Appendix B.1. This approach provides a through treatment of the deriva-
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tion of the modefunction under with fewer assumptions, includes the frequency dependence of the nonlinearlity, and does not make the Gaussian profile assumption
for the quantum fields.

4.3

OAM Decompositon of wavefunction

The OAM of light is related to the phase structure of the wavefront of the field [92]. In
this section, we examine the spatial correlations in the photons produced in spontaneous FWM the OAM basis [104]. The OAM content of the wavefunction is examined
by writing the wavefunction in a general OAM basis.
X
flm (ρa , ρs )eilθa eimθs
Φ (~qa , ~qs ) =

(4.28)

l,m

where the radial amplitude flm (ρa , ρs ) coefficients are the amplitude resulting from

projecting each of the photons in the biphoton mode function Φ ~qa , ~qs onto modes
containing OAM values l~ and m~ [23, 104]. The Fourier coefficients flm (ρa , ρs ) can
be related to the probabilities Plm of the field occupying the l and m OAM modes [23]
using Parcevals theorem.
Z ∞Z ∞
2
Plm = 4π
dρa dρs ρa ρs flm (ρa , ρs )|2
0

(4.29)

0

The radial amplitudes flm (ρa , ρs ) can be found by taking the partial Fourier
transform of the mode function Φ(~qa , ~qs ), projecting it onto OAM modes.
Z
1
dθa dθs e−ilθa e−imθs Φ(~qa , ~qs )
fl,m (ρa , ρs ) =
2
(2π)

(4.30)

A complete decomposition of the wavefunction into a set of orthonormal modes
requires the projection of the radial component of the wavefunction onto an orthonormal basis in addition to this OAM decomposition of the angular component of the
wavefunction. The probabilities Plm in Eq. (4.29) describe the total probability of the
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photons containing specific values of OAM, regardless of the radial mode [23, 24, 94].
We use this expression to investigate the correlations of the photons’ OAM irrespective of their radial dependence.

On-Axis φ = 0◦ Decomposition

4.3.1

The biphoton mode function Φ(~qa , ~qs ) in Eq. (4.22) simplifies considerably for the
collinear case in which the FWM emission is collected on axis, the case with φ = 0◦ :
1

2

2 )ρ2 − 1 (w 2 +α2 )ρ2
a 4
s
s

Φ(~qa , ~qs , φ = 0◦ ) = N e− 4 (wa +α

1

e− 2 ρa ρs α

2

cos(θa +θs )

.

(4.31)

The simplified mode function allows for calculating the OAM joint probability distribution analytically with a Schimdt decomposition of the wavefunction. The radial
amplitudes flm (ρa , ρs ) of Eq. (4.28) are found by taking the partial Fourier transform
of the mode function Φ(~qa , ~qs )
Z
1
fl,m (ρa , ρs ) =
dθa dθs e−ilθa e−imθs Φ(~qa , ~qs )
(2π)2
N − 1 (wa2 +α2 )ρ2a − 1 (ws2 +α2 )ρ2s
4
fl,m (ρa , ρs , φ = 0◦ ) =
e 4
2π
Z
2π

1

dθa dθs e−ilθa e−imθs e− 2 ρa ρs α

×

2

cos(θs +θa )

(4.32)
(4.33)
(4.34)

0

The integrals in this expression can be analytically evaluated making use of the
modified Bessel function identity [113]
Z
1 π
I|k| (z) =
dθez cos(θ) cos(kθ)
π 0

(4.35)

where I|k| (z) is a modified Bessel function of order |k|. The integral in Eq. (4.34)
result in
Z

−π

I≡

dθs e

−imθs

Z

−π

−π

−π
2

= (2π) δlm I|l|



2

α
ρa ρs
2

1

dθa e−ilθa e− 2 ρa ρs α
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yielding the radial amplitudes
◦

fll (ρa , ρs , φ = 0 ) = N e

− 14 (wa2 +α2 )ρ2a − 41 (ws2 +α2 )ρ2s


I|l|

α2
ρa ρs
2


(4.37)

with N and α given by Eq. (4.23) and Eq. (4.24), respectively.
On axis, the generated photons are perfectly correlated in OAM, as can be seen
mathematically from Kronecker δ-function δlm in Eq. (4.36). Note that the photons
are propagating in opposite directions, and the OAM indices l and m are defined with
respect to propagation of the mode. While the Kronecker δ in Eq. (4.36) force the
OAM indicies to be identical, the fact that the photons are propagating in opposite
directions leads to having opposite values of OAM with respect to the lab frame of
reference. OAM is conserved.
When we consider the case when both the Stokes and anti-Stokes photons and
the pump and coupling fields have equal waists, wa = ws and wp = wc respectively,
it is possible to obtain the Schmidt decomposition of the wavefunction following the
work done in SPDC in [21]. The Schmidt modes are found to be the Laguerre-Gauss
modes.
Given the general form of a Schmidt decomposition of the two photon state [21]
 X p
λc,d uc,d (~qa ) uc,d (~qs )
ψ ~qa , ~qs =
(4.38)
c,d

the Schmidt decomposition of the wavefunction in polar coordinates results in
2



ψ ~qa , ~qs = (1 − µ )

∞ X
∞
X

µ2p+|l| LGlp (Γρa , θa )LGlp (Γρs , θs )

(4.39)

l=−∞ p=0

where
q
1 + 2( wαs )2
q
µ=
1 + 1 + 2( wαs )2
1−

ws
Γ=√
2


1+2

α
ws

(4.40)

2 ! 41
(4.41)
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and with the Schmidt coefficients
p
λl,p = (1 − µ2 )µ2p+|l| .

(4.42)

The Schmidt coefficients of the decomposition give the probability amplitudes
of finding the photons in the corresponding Schmidt modes with perfect correlation
between the modes of the two photons [114]. The Schmidt coefficients contain two
indicies, one azimuthal index l indicating the OAM of the mode and one radial index
p that together describe the full transverse field decomposition of both photons. The
p 2
square of the coefficients
λl,p = λl,p give the probabilities Pllpp of finding the
the Stokes and anti-Stokes photons in OAM modes l, l and radial modes p, p.
The total probability of finding the photons in a particular OAM mode Pll irrespective of the radial mode number can be found by summing over the radial index
p while noting that µ < 1
Pll =
Pll =

∞
X
p=0
∞
X

Pllpp

(4.43)

2 2

λl,p = 1 − µ

µ

2|l|

∞
X

µ4

p

(4.44)

p=0

p=0
2

(1 − µ2 ) µ2|l|
=
1 − µ4

(4.45)

The analytical expression for the OAM probabilities enable the efficient calculation of the joint probability distribution of OAM modes for a given set of experimental parameters. The Schmidt decomposition additionally allow us to easily calculate
the entanglement entropy in OAM of the biphoton in terms of the Schmidt coefficients [21, 98, 114]. This is of particular physical interest in quantum communication
protocols because the entanglement entropy corresponds to the maximum amount of
information that can extracted from an entangled pure state [21]. The entanglement
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entropy in the OAM is
S=−

∞
X

λl log2 λl

(4.46)

l=−∞

where λl =

P

p

λlp = Pl . Using the Schmidt coefficients Eq. (4.42), the entanglement

entropy is found to be (Appendix B.2)


S = log2 (1 + µ2 )/(1 − µ2 ) − (4µ2 log2 µ)/(1 − µ4 )

(4.47)

This explicit expression for S allows us to efficiently calculate the amount of OAM
entanglement between the photon over ranges of experimental parameters. Figure 4.3
shows S as function of the single photon waist ws and the pump and coupling waists
wp .
While the entanglement entropy enables quantifing the quality of a state for high
dimensional quantum communication purposes, it generally requires full knowledge
of the field. Another measure to quantify the joint probability distribution of OAM
is the full-width half maximum (FWHM) Γ of a Lorenzian fit of the distribution
Eq. (4.29), as shown in Fig. 4.4 (a). Γ is often referred to as the spiral bandwidth [25,
95, 97, 98], which has the benefit of only requiring the knowledge of the probability
distribution as opposed to a full field decomposition. In the on-axis case with φ = 0◦ ,
we characterize the OAM distribution using both the mutual information, Fig. 4.4
(b), and the fit FWHM spiral bandwidth Γ, Fig. 4.4 (c), as a function of the single
photon waists ws . The pump and coupling waists are defined to be w0 = 1 mm and
ensemble radius is R = 1 mm. We note that in the on-axis case, the joint OAM
distribution of the biphoton is independent of ensemble length.
Figures 4.3 and 4.4 clearly show a consistent trend of an increase in the entanglement entropy and spiral bandwidth as the single photon waists are decrease.
In an OAM-based high-dimensional protocol using spontaneous FWM to generate
entangled pairs of photons, these results show that smaller waists for the single pho-
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Figure 4.3: Entanglement entropy as a function of the single photon waist ws and
the pump and coupling waists wp .

ton collection modes will increase the entanglement entropy in the OAM DOF per
photon.

4.3.2

Off axis φ 6= 0◦

Extending the analysis of the OAM correlations to photons emitted off-axis φ 6= 0◦
becomes more challenging compared to the case on axis. The emission from the
ensemble has the same cylindrical symmetry as the ensemble in the collinear case.
In contrast, this symmetry is broken in the off-axis φ 6= 0◦ case. This causes the
mode function in Eq. (4.21) to become nonsymmetrical, and the Gaussian terms in
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Figure 4.4: (a) Joint OAM distribution for R = 1 mm, L = 20 mm, ws = 0.1 mm
and wp = 1 mm fit to a Lorentian function and results in FWHM Γ = 3.03 which is
a measure of the number of correlated modes of the distribution. The χ2 of the fit
is recorded We can study how this FWHM changes with experimental parameters
in order to have some control and to tailor the quantum correations in the OAM of
the biphoton state. (b) Entanglement entropy of the two photon state. We see a
sharp increase in the entanglement entropy as the single photon waists decrease. (c)
FWHM of the fit Γ as a function of single photon waists showing similar behavior as
the entanglement entropy.

the x and y directions become different. Below we describe the calculation examining
the OAM correlation for the generated photon pairs in this off-axis case.
In our analysis, we calculate the OAM probabilities Plm of the biphoton wavefunction integrating over |flm (ρa , ρs )|2 in Eq. (4.29). These probabilities require
performing a 4-dimensional integral numerically
Z ρmax Z ρmax
2
Plm = 4π
dρa dρs ρa ρs
0

1
×
4π 2

0

Z

2π

Z

2

2π
−ilθa −imθs

dθa dθs e
0

e

0
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with Φ(~qa , ~qs ) given by Eq. (4.21).
Due to the broken symmetry of the wavefunction off axis, the OAM eigenmodes
are not the Schmidt modes of the the wavefunction and we cannot calculate the
entanglement entropy using Eq. (4.46). We characterize the number of correlated
modes simply with the FWHM of the Lorentzian fit, the spiral bandwidth Γ. The
OAM eigenmodes not being the Schmidt modes also means that the OAM of the
two photons are not perfectly correlated. We therefore use a second parameter to
characterize the quality of the correlations. We calculate the maximum fidelity F
of the generated biphoton state with a perfectly correlated OAM state (as derived
in Appendix B.3) each set of parameters {wp , wc , wa , ws , R, L, φ}, where a perfectly
correlated state is written as
|ξi =

∞
X

Aν |ν, νi.

(4.49)

ν=−∞

The fidelities are found from the calculated probabilities Plm , Eq. (4.48), with l = m.
sX
Pll
(4.50)
F=
l

Our studies consist of investigating the spiral bandwidth Γ and the fidelity F of
the state with a perfectly correlated state over ranges of experimentally accessible
parameters. These studies can be used to optimize the experimental platforms to
simultaneously maximize Γ and F, which is important for application in quantum
information in high dimensions. For example, a wider distribution characterized by
a large Γ with a higher fidelity F will increase the mutual information between the
photons in the OAM basis. We study the effects of varying the collection angle
φ, ensemble length 2L. The studies assume equal Stokes and anti-Stokes collection
waists ws and equal pump and coupling waists wp .
Figure 4.5 shows the dependence of the spiral bandwidth Γ, Fig. 4.5 (a), and the
fidelity F, Fig. 4.5 (b) , for a range of collection angles from φ = 0◦ to φ = 15◦ . The
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plots contain cases with single photon waists ws = 0.1 mm, 0.25 mm, and 1 mm,
both with pump waists of wp = 1 mm and with the pump and coupling fields as
plane waves, approximated numerically as wp = 999 mm. For all plots, we assumed
an ensemble with a radius R = 1 mm and the length 2L = 20 mm, corresponding to
the estimated size of our atomic ensemble (Ch. 2, Sec. 2.2)
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Figure 4.5: Spiral bandwidth Γ and the fidelity of the state with the perfectly correlated state as a function of collection angle. As the collection angle φ increases, the Γ
increases while the fidelity F decreases. (a) Spiral bandwidth of the calculated state
for five different sets of field waists as a function of collection angle φ. (b) Fidelity
of the states as a function of collection angle.

Three clear trends can be identified in the spiral bandwidths Γ in Fig. 4.5 (a). (1)
We observe that the spiral bandwidth Γ of the state increases with the collection angle
φ for all sets of beam waists. (2) We note a significant dependence of Γ on the single
photon waist ws . The spiral bandwidth increases significantly as the single photon
waist is decreases from ws = 1 mm (blue squares) to ws = 0.25 mm (orange circles)
to ws = 0.1 mm (green diamonds). (3) We see that Γ also increases significantly
with the increase in the pump waist from wp = 1 mm to wp → planewave. This is
seen for both of the single photon waists plotted here ws = 0.25 mm (orange circles
to orange ×’s) and ws = 0.1 mm (green diamonds to green triangles).
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Clear trends are likewise seen in the fidelity F as a function of collection angle
φ, Fig. 4.5 (b). For all of the combinations of field waists, the fidelity decreases with
increasing angle. This plot also shows a general decrease in fidelity ws as the single
photon waist decreases from ws = 1 mm (blue squares) to ws = 0.25 mm (orange
circles) and further with ws = 0.1 mm (green diamond), when wp = 1 mm and for
all φ. This plot also shows a significant improvement in the fidelity with an increase
in the pump and coupling waist from wp = 1 mm to wp → planewave, see the green
and blue data sets.
In almost all of the trends described above and shown in Fig. 4.5, an increase
in the spiral bandwidth Γ was met with a corresponding decrease of the fidelity
F. Increasing the collection angle φ generally increased the spiral bandwidth Γ but
decreased the fidelity F. Decreasing the single photon waist ws was also shown
increase Γ and decrease F. The exception to these general trends is the dependence
on the pump and coupling waists wp . Changing wp from 1 mm to a plane wave
shows a significant increase in the spiral bandwidth of the state Γ while dramatically
improving the fidelity of the state as well.
To further explore the effect of the pump and coupling waists on Γ and F, we
investigated the effect of having wp spanning approximately 4 orders of magnitude in
Fig. 4.6 for wp = 0.25 mm and range up to wp = 999 mm, which approximates a plane
wave. Stokes and anti-Stokes waists in this study include cases with ws = 0.1 mm
(green diamonds), 0.25 mm (orange circles) and 1 mm (blue squares) with φ = 5◦ ,
R = 1 mm, and 2L = 20 mm. As expected, and as observed in Fig. 4.5, both Γ and
F substantially increase with increasing wp for all ws .
We observe that while decreasing the single photon waists ws and increasing the
collection angle φ increase the spiral bandwidth, they decrease the fidelity of the
generated state with the perfectly correlated state. However, the increase in spiral
bandwidth observed is not enough to conclude these states are better for quantum
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Figure 4.6: (a) Spiral bandwidth Γ of the state for three different sets of single photon
waists as a function of pump and coupling waist wp . (b) Fidelity F of the states as
a function of pump and coupling waist wp . For both plots, 2L = 20 mm, R = 1 mm,
and φ = 5◦ .

communication protocols due to the corresponding decrease in fidelity. In contrast,
is it clear that an experiment aiming to generate the highest amount of entanglement
between OAM modes of the photons should use the largest pump and coupling beams
as experimentally possible. This insight is precisely the type of information at the
heart of the goals of this theoretical study.
One additional study presented here in Fig. 4.7 examines the influence of the
length of the atomic ensemble on Γ and F for three collections angles, φ = 5◦ (green
circles), 10◦ (orange squares), and 15◦ (blue diamonds). In all of the trends, R = 1.0
mm, wp = 1.0 mm, and ws = 0.25 mm. We observe increasing the length of the
ensemble from 2L = 1 mm to 2L = 20 mm shows an increase in Γ and corresponding
decrease in F for all collection angles.
The characterization of the joint OAM probability distribution based on the spiral
bandwidth Γ and fidelity F solely involves the probabilities of the photons having
the same OAM values Pll . We further examine the correlations of the photons by
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Figure 4.7: Spiral bandwidth Γ and the fidelity F as a function of the length of the
ensemble. For all data sets presented here, R = 1 mm, wp = 1 mm, and ws = 1 mm.

calculated the probabilities of photons for different values of OAM Plm for l 6= m.
Figure 4.8 shows these probability distributions for two cases with ensemble size
2L = 20 mm and R = 1.0 mm, and pump and coupling waists wp = 1.0 mm. In the
first case plotted in Fig. 4.8 (a), the single photon waist is ws = 0.1 mm and collection
angle is φ = 15◦ , and probability distribution is plotted for −15 ≤ l, m ≤ 15 and
l = m ± 1, 2...7. In the second case Fig. 4.8 (c), the single photon waist is ws = 0.25
mm and φ = 5◦ mm, and the probability distribution is plotted for −7 ≤ l, m ≤ 6
and l = m ± 1, 2...6. Panels (b) and (d) in Fig. 4.8 show a 3-D perspective of panels
(a) and (c), respectively.
We observe that the fidelity F of the state in Fig. 4.8 (a,b) with the closest
perfectly correlated state |ξi in Eq. (4.49) is F = 0.78. We also observe that the
total probabily of finding the photons in the same OAM state from Eq. (4.50) given
as the square of the fidelity F 2 = 0.61. The remaining probability indicates the
existence of photons with different OAM, l 6= m. In addition, we observe that
virtually all of the OAM occupation probability can be found in the OAM index
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Figure 4.8: Joint OAM probability distributions including probabilities when OAM
indicies differ, Plm when l 6= m. (a) probability distribution with the single photon
waist ws = 0.1 mm, collection angle is φ = 15◦ , radius of the ensemble is R = 1.0
mm, and length of the ensemble is 2L = 20 mm. (b) shows a 3-D view of (a). (c)
probability distribution with the single photon waist ws = 0.25 mm, collection angle
is φ = 5◦ , radius of the ensemble is R = 1.0 mm, and length of the ensemble is
2L = 20 mm. (d) shows a 3-D view of (c).

range −36 ≤ l, m ≤ 36, with the range l = m ± 1, 2...7 containing a total probability
of Pt = 0.99, where the total probability intuitively is defined
X
Pt =
Plm

(4.51)

l,m

For the case in Fig. 4.8 (c,d) the OAM mode occupation probability can be accounted
for within the range −10 ≤ l, m ≤ 10, l = m ± 1, 2...7 with Pt = 1.00.
A feature of the OAM correlations in these plots is the absence of correlations
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when l, m differ by an odd integer. That is to say, we see a finite probability of the
photons occupying Pll and Pl,m=l±2 , but Pl,m=1±1 = 0. In general, finite probabilities
for even differences of OAM incidices, Pl,m=l±2j > 0 with j being a positive integer,
but the probabilities for odd differences of OAM indicies converge to zero, Pl,m=2j+1 =
0. Similar features were seen in a study of OAM correlation in non-collinear SPDC,
in which the authors attributed the “anomolous” OAM correlations to the nonparaxial global wavefunction [115]. Our work presented in this chapter is the first
clear observation of this phenomena in photons generated from spontaneous FWM
in atomic ensembles, beyond the simple case when one photon is projected onto l = 0
and the OAM of the other photon is analyzed [110].

4.4
4.4.1

Discussion
Comparison to SPDC

The analysis of the OAM correlations described in this chapter contributes to our
understanding of quantum correlations of photons generated in spontaneous FWM
in cold atomic ensembles and can be used for controlling the spatial correlations
such photons. Although some experiments have shown the ability to specifically
measure the OAM of field [24, 94], most experiments use spatial light modulators
and a single mode fiber to implement projective measurement onto OAM states in
Laguerre Gauss modes with definite radial number “p” [26, 100, 104, 108, 116]. The
work presented in this chapter does not consider projections onto specific radial
modes and therefore cannot be directly applied to the specific experiments using this
measurement technique. Future work will incorporate projections operation of the
biphoton wavefunction onto Laguerre-Gauss or Hermite-Gauss modes to access the
spatial correlations of the full transverse fields of the generated photon pair.
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Comparing the results we studied here in FWM to the previous studies done with
spontaneous parameteric down conversion (SPDC), the spiral bandwidth observed
in SPDC is typically much larger [24, 25, 94, 97, 99]. In SPDC, photons from strong
pump are converted into entangled pairs of daughter photons through an interaction
with a nonlinear crystal. A clear difference between spontaneous FWM in a cold
atomic ensemble and SPDC is the spatial structure of the nonlinearity, affecting the
phase matching of the process. The nonlinear crystals used for SPDC are rectangular
in shape, and typically are therefore modeled as infinite in the transverse plane, a
good approximation in the case when the waists of the fields are much smaller than
the face of the crystals. The longitudinal direction of the crystals is intuitively represented as a rectangular function in real space which corresponds to a sinc function in
momentum space. We model the atomic ensemble as a Gaussian distribution in both
the radial and longitudinal direction. A Fourier transform of course gives another
Gaussian distribution in momentum space. This difference in the momentum space
representation of the nonlinearity influences the OAM distribution of the generated
photons [98]. Although it is clear the spatial structure of the nonlinearity effects the
spiral bandwidth, we see that the intuition of having a sharper drop off in the momentum space representation of the nonlinearity will lead to a broader distribution in
OAM modes does not hold. The momentum space representation of the nonlinearity
in the atomic ensemble gets broader as the length of the ensemble gets shorter. We
see in Fig. 4.7 that a shorter ensemble corresponds to a smaller spiral bandwidth in
all axis geometries investigated.
In addition to the phase matching function in the two cases, as determined by
the spatial structure of the nonlinearity, the phase mismatch has a significant effect
on the spiral bandwidth and intensity profile of the generated photons [24, 25, 94].
This phase mismatch can be tuned by the experimental geometry of the SPDC
configuration with a rotation [25] or temperature tuning [24] of the crystal. The
spontaneous FWM configuration studies in this chapter does not allow for the same
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amount of experimental control over the phase mismatch. Extending the analysis to
spontaneous FWM in an EIT configuration would in fact afford that control through
tuning the group velocity of the generated field [88].
Another difference between nonlinear crystals and atomic ensembles is the scaling
of the OAM entanglement with the size of the medium, using the azimuthal Schmidt
number to quantify the number of correlated modes [24, 98, 99].
1
Kaz = pP

l

(4.52)

Pll

We note that the azimuthal Schmidt number in SPDC scales with crystal length as
Kaz ∝

√1
L

[24]. In on-axis configuration of spontaneous FWM, Sec. 4.3.1, we observe

that the biphoton mode function Eq. (4.31) is independent of ensemble length. The
azimuthal Schmidt number is then independent of ensemble length. This distinction
highlights that while SPDC and spontaneous FWM are similar and both commonly
used to produce entangled photon pairs, the properties of the photons and physics
of the process’ are inherently distinct.

4.4.2

Approximations

Several physical approximations and assumptions are made in this calculation. Relaxing these approximations may have an effect on the spiral bandwidth and fidelity
of the state when collected off-axis, and can lead to more general results for the photon wavefunction from FWM. One such assumption is the spatial distribution of the
atoms in the ensemble, assumed to be Gaussian in radial and longitudinal directions
based upon modeling the trap as a damped harmonic oscillator [112].
The second approximations assumed “well-collimated” fields. This assumption
and the resulting simplifications allow us to neglect the effects of propagation. This
approximation holds when the Rayleigh range of the beam zR =
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waist of the beam and λ is the wavelength of light, is much larger than the length
of the ensemble zR  L. The experimental configurations considered in the analysis
here largely obey this approximation.
The last approximation assumed separability of the position and frequency depenedence of the nonlinearity. This assumption holds for far off resonance fields, as
is the stated scope of this calculation. This assumption also holds when the intensity
of the pump and coupling fields is uniform over the atomic ensemble. This is the
case in which the pump and coupling fields are plane waves, such as when the waists
of the fields are much larger than the atomic radius R even if the fields are not far
detuned.

4.5

Conclusion

In this chapter we calculated the biphoton wavefunction and OAM correlations of
the photon pairs generated in spontaneus FWM in a cold atomic ensemble. These
correlations are investigated by calculating the entanglement entropy of photons,
when possible, and the spiral bandwidth of the joint OAM probability distribution
along with the fidelity of the state with a perfectly correlated state. This investigation
identifies the experimental geometries which generate high-dimensional correlations
in the OAM biphoton. Generally, the spiral bandwidth and entanglement entropy of
the biphoton increases as the waist of the single photon modes decrease. Additionally,
increasing the collection angle of the generated photons and increasing the length
of the atomic ensemble increases the spiral bandwidth while decreasing the fidelity
of the state. The loss of fidelity can be somewhat compensated by strategically
choosing the waist of the pump and coupling beams. As these waists increase, both
the fidelity of the state and the spiral bandwidth are increased. An experiment
aiming to generate high-quality states entangled in high-dimensions in OAM should
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maximize the waist of the pump and coupling fields while reducing the waist of the
single photon modes.
The theoretical work presented in this dissertation can be continued to advance
our knowledge provide guidance in developing this experiment in many ways. Perhaps the most clear way to advance this work is to calculate the projection of the
wavefunction onto Laguerre-Gauss (LG) modes, as opposed to calculating the OAM
probabilities, as this is more likely to be measure in the experimental apparatus we
are envisioning. Another advance can be made by performing a similar calculation
to that presented here, but in the electromagnetically induced transparency (EIT)
regime as opposed to the far off resonant regime. Such a calculation has two clear
purposes. Firstly, this will more closely resemble the experiment being developed.
Secondly, examining the OAM or LG correlations of the photon pair in the EIT
regime affords the freedom to manipulate the phase mismatch of the process by engineering the dispersion of the photons with EIT [88]. This may lead to a dramatic
increase in the amount of entanglement of the photons, as was seen in analogous
studies in SPDC [24, 25].
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Conclusion
The light generated from an atomic ensemble is inherently compatible with atomic
quantum memories, motivating extensive study for application in long-distance quantum communication. In this dissertation, we present our studies and techniques on
three topics examining light generation from a cold atomic ensemble. We studied the
power of conjugate light generated in seeded FWM process as a function of numerous experimental parameters, which serves as a guide and optimization technique for
future experiments involving the efficient generation of entangled photon pairs with
spontaneous FWM. We investigated the time correlation of photon pairs emitted
from spontaneous FWM through time resolved coincidence counts rates as a function of various experimental parameters. The coincidence count rates show a slow
exponential-like decay envelope with higher frequency oscillations. These features
are observed over large ranges of experimental parameters and with an oscillation
frequency determined to be proportional to the pump detuning from the atomic transition. We present the improvements we developed to address the high background
and noise observed in the coincidence count rates. The improvements will clarify the
physics behind the oscillations in the coincidence counts and we expect will allow for
the demonstration of probably non-classical correlations of the photon pairs in future

87

Chapter 5. Conclusion
experiments. We additionally theoretically studied OAM correlation of photon pairs
generated with spontaneous FWM in a cold atomic ensemble in the far off-resonant
regime. Specifically, we investigate how experimental geometries influence the OAM
correlations. The studies show that higher-dimensional OAM correlations in the
photon pairs can be achieved as the waists of pump and coupling fields increase and
the waists of the measured quantum fields decrease.
These studies of the generation of correlated light with FWM in cold atomic ensembles serve as the foundation for future experiments generating and controlling
high-dimensional OAM entanglement for applications in high-dimensional quantum
communication. With the integration of the significant improvements to the system
(as decribed in Ch. 3) aiming to address the high levels of background, we expect
to measure provably quantum correlations in the arrival times of the photons generated in the spontaneous FWM process. We then envision an experiment using a
similar set-up to measure the quantum correlations in the OAM of the photons. This
is done by imaging the Stokes and anti-Stokes photons onto spatial light modulators before collecting them with single mode fibers and detecting them with single
photon detectors. The spatial light modulators are used to manipulate the spatial
structure of the photons, and in combination with the single mode fibers and single
photon detectors are used to project the photons onto programmable superpositions
of OAM modes [100]. The OAM correlations and entanglement in the photons will
be observed by measuring the coincidence count rate of the single photon detectors
as a function of the state the photos are projection onto [100]. We envision measuring the OAM correlations in this manner for different experimental geometries, in
general aiming to maximize the experimentally realizable entanglement between the
photons.
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Appendix A
Experimental Details

A.1

APD Current Sink Circuit and Timing

The APDs used in our experiments have a gating function controlled with a BNC
port. The APDs are gated, or rendered inactive, when a 80 − 100 mA current is sunk
from the BNC port. We achieve this with a transistor based current sink circuit.
When a HI voltage is applied to the current sink circuit, current is sunk through the
transistor. The impedance and resistances in the circuit are set to minimize the gate
switching time.
The required switching voltage of the circuit developed is higher than the 2.5V
output of the field programmable gate array (FPGA) used to control the experiment,
Ch. 3 Sec. 3.2.2. To meet this requirement, a digital delay generator, Stanford
Research Systems DG535 was used as a fast, controllable pulse amplifier and current
source to achieve the needed voltage and current for gating APDs. Both APDs’ gate
currents are sunk simultaneously with the same current sink circuit. The threshold
voltage to activate the APD gate with this circuit is 3.0 − 3.1 V. The the switching
voltage used is 3.3 V, giving a gate switching time of 150 ns and 200 ns for APD1
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and APD2, respectively.
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Appendix B
Biphoton Wavefunction and OAM
Decomposition Calculations

B.1

A Different Approach to the Biphoton Wavefunction Calculation

Here we calculate the biphoton wavefunction without any projection or filtering
of the quantum fields. The pump and coupling fields are assumed to be quasimonochromatic paraxial fields with a Gaussian profile. The frequency dependence
of the nonlinearity is included in the calculation. The wavefuction of the biphoton
is calculated with perturbation theory in the interaction picture.

i
|Ψi = |0i −
~

Z

∞

Ĥef f (~r, t)dt|0i

(B.1)

−∞
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with [88]
Ĥef f

1
= ◦
2

Z

dr3 χ(3) (~r, ω
~ ) Ep+ (~r, t)Ec+ (~r, t)Ês− (~r, t)Êa− (~r, t) + H.c.

(B.2)

The pump and coupling beams are taken to be collimated Gaussian beams such
that propagation can be neglected.
r2

Ep+ (~r, t)

=

⊥
+ − wp2
Ep0
e

−

+
Ec+ (~r, t) = Ec0
e

2
r⊥
2
wc

ei(kp z−ωp t)

(B.3)

e−i(kc z+ωc t)

(B.4)

+
where Ep,c0
are the maximum magnitude of the fields, r⊥ is the position in the

transverse plane, wp,c are the waists of the field, kp,c are the magnitudes of the
wavevectors, and ωp,c are the frequencies of the fields. The pump and coupling
beams counter-propagate along the z axis.
The quantum fields are represented in a plane wave expansion [111]
~ˆ r, t) = E~ˆ+ (~r, t) + E~ˆ− (~r, t)
E(~
X (λ)
~
=
~k Ek0 â~k,λ ei(k·~r − ωk t) + H.c.

(B.5)
(B.6)

k,λ

(B.7)
with
Ek0


=

~ωk
20 V

1/2
(B.8)

where V is the quantization volume. Going from a sum over wavevectors k to an
integral [111]
X
X V Z
→
d3~k
3
(2π)
k,λ
λ

(B.9)

If only one polarization is considered, the negative frequency component is written
as an integration over the wavevector
Z
V
~
−
Ê (~r, t) =
d3~k Ek0 â~†k e−i(k·~r−ωk t)
3
(2π)
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The Hermitian conjugate part of the Hamiltonian “H.c.” contains annihilation
operators in the positive frequency components of quantum fields. In the context of
this calculation, the Hamiltonian is acting on the vacuum. The annihilation operators
annihilator the vacuum state, so that the “H.c.” term does not contribute to the
result. Plugging in the expression of the four fields, Eq.( B.3, Eq. (B.4, Eq. (B.10),
the Hamiltonian becomes
~ (Vs Va )1/2 + + −i(ωp +ωc −ωa −ωs )t
Ep0 Ec0 e
4(2π)6
Z
×
d3~ka d3~ks (ωa ωs )1/2 â~†k â~†k
a
s
Z
2
2
2
~ ~
×
d3 r e−(1/wp +1/wc )r⊥ ei(kp −kc )z e−i(ka +ka )·~r χ(3) (~r, ω
~)

Ĥef f =

(B.11)
(B.12)
(B.13)

In the far detuned regime with ∆p , ∆c  γeg , γes , Ωc , where γij is the dephasing
rate between states |ii and |ji, the nonlinearity can be factored into functions of
position and frequency.
χ(3) (~r, ω
~ ) = χ(3)
r)χ(3)
ω)
r (~
ω (~

(B.14)

The position dependence of the nonlinearity depends on the atomic density. The
trapping potential of MOT’s (Ch. 2, Sec. 2.2 ) are typically modeled as damped harmonic potentials. The solution to the Fokker-Plank equation with this potential the
gives a Gaussian atomic density distribution [112]. The distribution of the ensemble
is modeled as a Gaussian distribution in the transverse and long directions.
2

χ(3)
r) = e−r⊥ /R
r (~

2 −z 2 /L2

(B.15)

The spatial integral part of the effective Hamiltonian, Eq. (B.12) becomes
Z
2
2
2
2
~ ~
R = d2 r~⊥ e−(1/wp +1/wc +1/R ) r⊥ e−i(ka +ks )·~r⊥
Z∞
×

z

z

dz ei(kp −kc −ka −ks )z e−z

(B.16)

2 /L2

−∞
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The spatial integral simplifies when expressed new variables.
Z∞
R=

Z∞

−κ2 x2 −i∆kx x

dx e
−∞

−κ2 y 2 −i∆ky y

Z∞

dy e
−∞

dz e−z

2 /L2 −i∆k z
z

(B.17)

−∞

The new variables are defined as
κ2 ≡ 1/wp2 + 1/wc2 + 1/R2



(B.18)

∆ki = kai + ksi with i = {x, y}

(B.19)

∆kz = kp − kc − kaz − ksz

(B.20)

where kji denote the wave vector of field j along the i direction. The spatial integral
simplifies when expressed in these variables. All of these integrals in the integration
over position are solved with a simple Gaussian integral.
Z∞

−ax2 +bx

e

r
dx =

π + b2
e 4a
a

(B.21)

−∞

The final expression for the spatial integral becomes
r
2
2
y
π 3 L2 − ∆kx2 +∆k
− L4 ∆kz2
2
4κ
e
R=
κ4

(B.22)

The effective Hamiltonian becomes
Z
Ĥef f = K d3~ka d3~ks (ωa ωs )1/2 χ(3) (~ω )
×e

−

2 +∆k2
∆kx
y
4κ2

−

L2
∆kz2
4

(B.23)
−i(ωp +ωc −ωa −ωs )t

e

â~†k
a

â~†k
s

with
r
K=

π 3 L2
~
+ +
Ep0
Ec0 (Vs Va )1/2
4
6
κ 4(2π)

(B.24)

The portion of the wavefunction we are interested in is the biphoton content.
We disregard the vacuum part of the total wavefunction |Ψi Eq. (B.1) and renormalize for our final result. The time integral from perturbation theory yields energy
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conservation in the four fields.
Z∞
Z∞
|ψi ∝
dt Ĥef f |0i ∝
e−i(ωp +ωc −ωa −ωs )t
−∞

(B.25)

−∞

= 2πδ(ωp + ωc − ωa − ωs )

(B.26)

For given pump and coupling frequencies, there is perfect correlations in the Stokes
and anti-Stokes frequencies.
We define a local coordinate system for each field, such that the field propagates
along the z direction in it’s frame. The longitudinal wave vector is in the local z
direction. The x and y components of the wave vector in the local frame make up
the transverse wave vector ~qj .
~k local = k k~ez + ~qj
j
j

(B.27)

~qj = qjx~ex + qjy~ey

(B.28)

Here ~ei denote unit vectors in the local direction i. The integral over the wavevectors
in the biphoton wavefunction can be expressed as an integral integration over the
wavevector in local the coordinate frame with the volume differential
k

d3~kj = d2 ~qj dkj .

(B.29)

The paraxial approximation of the fields and the narrow linewidth of the photons
k

allows the integral over the longitudinal wavevector kj to be approximated as the
integral over the frequency of the field ωj .
k

dkj ≈ dωj /c

(B.30)

Including the solution to the time dependence and the change of variables from
longitudinal wavevector to frequency, the biphoton wavefunction becomes
Z
|ψi ∝ d2 ~qa d2 ~qs dωa dωs (ωa ωs )1/2 δ(ωp + ωc − ωa − ωs ) χ(3) (~ω )
×e

−

2 +∆k2
∆kx
y
4κ2

−

L2
∆kz2
4

â†q~a ,ωa â†q~s ,ωs |0i
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Following the convention in previous works [31], we define the frequency of the
Stokes and anti-Stokes fields with respect to their center frequencies.
ωa = ω̄a + δ

(B.33)

ωs = ω̄s − δ

(B.34)

The center frequencies are determined by the energies of the atomic states and the
frequencies of the pump and coupling fields.
ω̄a = ωes + ∆p

(B.35)

ω̄s = ωeg + ∆c

(B.36)

where ωij is the frequency corresponding to the atomic transition |ii → |ji and with
the detunings of the pump and coupling fields explicitly defined as
∆p = ωp − ωeg

(B.37)

∆c = ωc − ωes .

(B.38)

Under these conditions the frequency dependence of the nonlinearity becomes [31]
χ(3)
ω (ω) = −

4N ~|deg des |2
0

(B.39)


−1
× (∆p − iγes )(|Ωc |2 + 4(∆c − δ − iγeg )(δ + iγgs ))
where γeg is the dephasing rate between atomic states |ei and |gi. While the nonlinearity is dependent on the pump and coupling frequencies through the pump and
coupling detunings, it will be denoted as χ(3) (δ) for the rest of the calculation for
brevity. The nonlinearity is further simplified in the regime under consideration with
large pump and coupling detunings, ∆p , ∆c  Ωc , γeg , γes , δ
1
1
∆p [|Ωc |2 + 4∆c (δ + iγgs )]
1
∝
.
2
[|Ωc | + 4∆c (δ + iγgs ))]

χ(3) (δ) ∝
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The detuning of the pump field will affect the magnitude of the nonlinearlity but can
be absorbed into the proportionality as it will not affect the integral over the Stokes
and anti-Stokes frequencies and therefore the biphoton wavefunction in this regime.
We approximate frequency terms (ωa ωs )1/2 of the biphoton wavefunction with the
central frequencies of the fields (ωa ωs )1/2 → (ω̄a ω̄s )1/2 , which then can be pull out of
the integrals and absorbed into the proportionality. The delta function simplifies the
integration over one of the photons frequencies. A change of variable is performed
from the other photons frequency to biphoton frequency detuning dωj = ±dδ, reducing the biphoton wavefunction to
Z
2 +∆k2
∆kx
y
L2
2
|ψi ∝
d2 ~qa d2 ~qs dδ χ(3) (δ) e− 4κ2 − 4 ∆kz â†q~a ,+δ â†q~s ,−δ |0i

(B.42)

In the above expression, the Cartesian indicies x, y, z are defined in the lab frame,
while the integration is performed in the local frame of each of the fields. The collinear
configuration is that which the Stokes and anti-Stokes fields counter propagate along
the z axis along the length of the ensemble, while this work additionally defines all
of the field’s coordinate systems to have a common x direction. In this regime the
∆kx2 and ∆ky2 are easily translated into the local coordinate frames.
∆kx2 = (qax + qsx )2

(B.43)

∆ky2 = (qay − qsy )2

(B.44)

The ∆kz2 is similarly defined, but care is taken to properly account for the coupling
between the longitudinal wave vectors and the transverse wave vectors of the Stokes
and anti-Stokes fields. The magnitude of the wave vector in the z direction is the
longitudinal wave vector.
kjz

=

k
kj

=

q

ωj2 /c2 − |~qj |2

(B.45)
k

In the paraxial approximation, |~qj |2  kj
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so the longitudinal wavevector can be
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approximated as
k

kj ≈

1 c
ωj
−
|~qj |2
c
2 ωj

(B.46)

The longitudinal phase matching term is next expressed in terms of the frequencies
of the fields and the transverse wave vectors of the quantum fields.
∆kz = kp − kc − kaz − ksz = kp − kc − kak + ksk


1
1 c
c
2
2
= (ωp − ωc − ωa + ωs ) +
|~qa | − |~qs |
c
2 ωa
ωs

(B.47)
(B.48)

The coeffiecients in front of the transverse wavevectors are approximated with the
wavevectors associated with the central frequency of the fields.
ω¯j
c
c
1
≈ 0
ωj
kj
kj0 ≡

(B.49)
(B.50)

The frequency of the Stokes field can be expressed as ωs = ωp +ωc −ωa making use of
the delta function enforcing energy conservation. Substituing that expression for the
Stokes frequency along with some algebra with Eq. (B.33)-(B.38) the longitudinal
phase matching becomes
1
2
∆kz = − (ωgs + δ) +
c
2



|~qa |2 |~qs |2
− 0
ka0
ka


(B.51)

The final biphoton wavefunction is presented in full.
Z
2
∆k2 +∆k2
− x 2 y − L4 ∆kz2 †
2
2
(3)
4κ
|ψi = N
d ~qa d ~qs dδ χ (δ) e
âq~a ,+δ â†q~s ,−δ |0i

Z
=N


−

×e

d2 ~qa d2 ~qs dδ

1
[|Ωc |2 + 4∆c (δ + iγgs )]

x +q x )2 +(q y −q y )2
(qs
s
a
a
2 +1/w2 +1/R2
1/wp
c



2

− L4

â†q~a ,+δ e



2
(ωgs +δ)+ 21
c
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(B.53)



|~
qa | 2
|~
qs |2
0 − k0
ka
a

2

â†q~s ,−δ |0i

(B.54)
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B.2

Entanglement Entropy

In the collinear case, when φ = 0◦ , we can do a Schmidt decomposition of the
biphoton wavefunction where the Schmidt modes are Laguerre-Gauss modes.
2



ψ ~qa , ~qs = (1 − µ )

∞ X
∞
X

µ2p+|l| LGlp (Γρa , θa )LGlp (Γρs , θs )

(B.55)

l=−∞ p=0

where
q
1 + 2( wαs )2
q
µ=
1 + 1 + 2( wαs )2
1−

ws
Γ=√
2


1+2

α
ws

(B.56)

2 ! 41
(B.57)

and with the Schmidt coefficients
p
λl,p = (1 − µ2 )µ2p+|l| .

(B.58)

To examine the entanglement specifically in the OAM degree of freedom (DOF),
we calculate the total probabilities for each value of OAM by summing over the radial
modes.

Pl =

∞
X

Pllpp

=

p=0

2 2

λlp = (1 − µ ) µ

2|l|

p=0
2

=

∞
X

(1 − µ ) µ
1 + µ2

∞
X
p=0

(µ4 )p =

(1 − µ2 )2 µ2|l|
1 − µ4

(B.59)

2|l|

(B.60)

The entanglement entropy in the OAM DOF of the photon is
S=

X

Pl log2 Pl

(B.61)

l
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which is valuated using Eq. (B.60) for the OAM probabilities as follows:


(1 − µ2 ) X 2|l|
(1 − µ2 ) 2|l|
µ
S=−
µ log2
(1 + µ2 ) l
(1 + µ2 )
"
#

 ∞
∞
X
(1 − µ2 )
(1 − µ2 ) X 2|l|
=−
log2
µ + 2 log2 µ
|l|µ2|l|
(1 + µ2 )
(1 + µ2 ) l=−∞
l=−∞

(B.62)
(B.63)

The sums are now evaluated as
∞
X
l=−∞
∞
X

µ2|l| = 2

∞
X

(µ2 )l − 1 = 2/(1 − µ2 ) − 1 = (1 + µ2 )/(1 − µ2 )

l=0
∞
X

|l|µ2|l| = 2

l=−∞

l(µ2 )l = 2µ2 /(1 − µ2 )2

(B.65)

l=1

The entanglement entropy becomes




(1 − µ2 )
4µ2 log2 µ
(1 − µ2 ) (1 + µ2 )
2|l|
log2
µ +
S=−
(1 + µ2 ) (1 − µ2 )
(1 + µ2 )
(1 − µ2 )2


4µ2 log2 µ
1 − µ2
= log2
−
1 + µ2
1 − µ4

B.3

(B.64)

(B.66)
(B.67)

State Fidelity

For each set of parameters {wp , wc , wa , ws , R, L, φ} in Ch. 4, Sec. 4.3.2 we calculate
the maximum fidelity F of the state with a perfectly correlated state. The fidelity
F is calculated by considering solely the OAM DOF of biphoton state, represented
as a sum over all OAM values for each photon
|ψi =
=

∞
X

Clm |l, mi

l,m=−∞
∞
X

Cll |l, li +

l=−∞

(B.68)
∞
X

Clm |l, mi

l,m=−∞
l6=m
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A perfectly correlated state is written as
|ξi =

∞
X

Aν |ν, νi.

(B.70)

ν=−∞

The fidelity of the state collected from the process |ψi with the closest perfectly
correlated state is defined as
F = max |hψ|ξi|

(B.71)

{Aν }

∞
X

= max
{Aν }

Cll∗ Aν hl, l|ν, νi

+

∞
X

∗
Clm
Aν hl, m|ν, νi

(B.72)

l,m=−∞
l6=m

l,ν=−∞

with the inner product of OAM states hl, l|ν, νi = δlν , and hl, m|ν, νi = 0 when l 6= ν
leading to
∞
X

F = max
{Aν }

Cll∗ Al

(B.73)

l=−∞

We can use of the Cauchy-Schwartz inequality to bound the fidelity.
2

X

F 2 = max
{Aν }

≤

X

Cll∗ Al

(B.74)

X

(B.75)

l

|Ckk |2

|Aj |2

j

k

We know through normalization

P

|Aj |2 = 1 so the inequality becomes

j

F2 ≤

X

|Ckk |2

(B.76)

k

The inequality is saturated when the renormalized diagonal portion of the state,
defined as
|ψ̃i ≡ N

X

Cll |l, li

(B.77)

l
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and the perfectly correlated state |ξi Eq. (B.70) are linearly dependent. The fidelity
F of generated state |ψi with the closest perfectly correlated state |ξi is therefore
sX
sX
2
F=
|Cll | =
Pll
(B.78)
l

l

The coefficients of closest perfectly correlated state Eq. (B.70) can be explicitly
defined as
Aν = P

Cνν
.
|Ckk |2

(B.79)

k
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Vladan Vuletić. Carving complex many-atom entangled states by single-photon
detection. Physical review letters, 115(25):250502, 2015.
[78] Shengwang Du. Quantum-state purity of heralded single photons produced
from frequency-anticorrelated biphotons. Physical Review A, 92(4):043836,
2015.

110

References
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